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Investigation of clustering of galaxies, clusters
and superclusters Ьу the method of correlation
Gamma-function
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Abstract,
Llsin8 tlrc allpaгatus оf correlatiorr Garrrпra-{irrrсtiort ("ctlnclitiorral clerrsitv"), ."ve have analyzed
spatial t;lusterirrg of obje<lts fгоtп severai <1iffcгcrrt s:rmples of galaxies, ciustt-.rs ancl superclrrsteгs.
Orr srrrall scales tlre distгibrrtiorr of objects оLlt:чs ir potl,er, law сlrор rlf density ц,itlr а роwег irrclex of
0.9 1.5.0rrascaleof-30\,Ipcforinclrэperr<lcntsatnplcsoflэrightgal:rxicsatlcl clustersofgalaxies
птl lrave cletected а рrопоuпсес] heak irr tlre slrlpe of t}tc Girrrttna-func:ticin u,it}r а роrчеr index
сlесrеаsiпg to - 0.3. The сlustегiпg is lrruсh 1ess ргоrttluпt:еri in the rc:gion fгопr 40 to 100},Ipc:,

arrd thc:rc is геаsотt tсl ýuрроsе tlrtit tlre distrlbuticlrr of olljtlcts changes tcr hoпrclgerr<:ous on scales
1агgеr ttrarr 100 fuIpc. T}ris is indicatecl Ьу tlre slope clf the Garrrпra-fllnction close to 0 fоr а sanrple
оf гiс}r clusters of galaxies uр to 250 N{pc:.

Tlre slope of the Gaпrmti-{urrctiorr рriоr to tlrc llгсаk, ц,}rich с:liагас:tсгizеs tlre сlеgrее of clustc:гirrg
rэl пrаttег, chirnges esserrtially ir,пd irr а corripitlx lпаl}пеr ц,hеп passing to hightеr (marssirK:) оЬ-
lects. T}ris srrggests that tlre lагgс:-sсаiе struсturе оf t}re visililc Ulrir,erse cven on sпrаll sca]es is
сorlsiclerably rnore сопрlсх tllan thc: fгасtаl distrihrtion clt:sc:ribed Ll1. grr,, rlilnensiotl (пrопоfгас-
: ai).

Кеу words: ctlstnology: obscгr,irtioris galaxies: forrrration g;r}irxies: statistics

l. Iпtгоduсtiоп

0пе of the principles on which standard cosmologi-
са[ ппоdеls are based is homogeneity of distribution of
щ.ttеr on large scales (Peebles, 1983). А direct indi
Фi]ц of such а character of distribution of matter in
1& observed Universe is, fоr instance, the homogene-
ilr aBd anisotropv of СМВ radiation. At the same
tiщ_ the investigators of the large-scale structure
hrв discovered inhomogeneities in the distribution
dтЫЬlе matter on scales to 100Мрс (IAU Sy*p,,
Ц}7В: Geller & Нuсhrа, 1989). Within the frаmеs of
& pesent-day knowledge there аrе two шаiп lаrgе-
шдле 51ацgtrцrе models: а homogeneous model with
ffцcflrations of density of finite amplitudes and а frac-
Щd шodel characterized Ьу self-similarity of structures
dthe оьегчеd universe in а certain interval of scales.
Д qnestion оп scales of extension of fractal struc-
lшБ ъ being debated. According to Davis (1997),
фв Klf-similarity properties of distribution of galax-
foя rтrяпifеst themselves but to 10мрс. pietronero et
d. {i1997) advocated the idea that а maximum scale of
fueTing саппоt Ье rеасhеd Ьу the present-day sur-

rц:r,s о{ galaxicls arr<l ciusters clf galaxies, the frасtаI

ргсlреrtiеs in the clistгibutiorr of mаttеr аrе observecl
to - 150 N,Ipc arrcl tltеге аге signs of extension of tlre
fTtrctal struc:trtrc to - 1000NIpc.

Tltc:re аrе sc:r,cral kev st:iges irr the history clf оrigiп
arrd cier.elopmettt of kпоц,]есlgе of fractal (sеlf-siпriiаr)
tvpe of distrillrrtion of rnatter. Flaving noticecl the se-

qlletlce of r:lrrstering (gaiaxies, gгоuрs, clusters, su-

1lегсlrrstеrs), cle \/аuс:оulеurs (1970) proviclecl alr clb-

servaticlnal srrbstarrtiatiorr of the rnodel of hiеrаrсhi
c:al c}ustiэritlg wiriclr coulci explain tlre роwеr, witlr а
slclpe 1 - 1.7, decrcasirrg of derrsity rvith iricгcasing
raclitts (tlc Yauсotrlet_rrs diagrarn). Ву 1982 N{arrdel-
llгоt (1977. 1982) lrad extended tlrese ideas arrd in-
trосluсеd а ntatlrematicallv rigorous notion of fractals
trnd propostlcl, follorvirig frorrt gепеrаl considerations,
а frасtа1 dirnerrsiori D : 1 fоr the Uпiчегsе.

About 20-уеаr work очеr the redshift survevs, in-
i:rеаsiпglу cleeper and coпrplete, mаrlс it possible to
scc irr the clistribution of galaxies the stгuсturеs and
rюiсls of diflЪгеrit shape (Huc:}rra et а1., 1983), the fiIl-
ing of thc r.olrrrne bv olljects lvith rneasured z still
tпоrе сltlаrl1. defilrcd the fetrtrrres noticecl previously

@ Spt:r:ial ,\slгорhvsiсаI ОЬsегчаtогу of the R.ussian AS, 2000
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(Fаirаll, 1998). The mарs of the distributiorr of galax-
ies in sirace of redslrifts (CfA1 survev (Нuсhrа et al.,
1983), the first deep two-climerrsional (slice) CfA2 srrr-

vev (Geller & Нuсhга, 1989) alrd оthеrs) wеrе consis-
tent witlr intrritive ideas of stclchastic fractal point dis-
tri-brrtitlns in three*dirnensional sрасе: extended "с:о-

hеrепt regions" of increased densitv, voids occupying
а considerable рагt of tlre vcllume, gerteral "{lluпIрy"
and irregrrlar pattern of clistribution.

The пrоrе detailerl construction of the thгее-
ciirnensional pattern of the nearest геgiопs of the Uni-
чеrsе gave impettrs to development of а lariety of sta-
tistical rrrethods (Вогgапi, 1995; El-Acl et al., 1996;

Palaciitr & \,ulpiani. 1987; Piionis & \raldarnirri, 1992)
of isolatioTr and stucl1, of differerrt structures irr the
distribrrtion of objects in the Universe (such as voiris,
filaments, suреrсlustегs, "walis"). As distinct Ir:om

the trvo-poirrt соrrсlаtiоп fiinctioti, these пrethods ге-

veal пlоrе fiпеlу c}raracteristic morphological ргсlр-
еrtiеs of the struсturеs, Tlre пrethods of searclr fоr
fгасtаl (scale-invariarrt) properties of mаttеr distri-
bution wеге executed rna,tlrematically (Borgani, 1995;

Pietronero, 1987; Соlепrап & Рiеtrопсrо, 1992).

2. Mathematical apparatus
Tf tlie rпеап derrsitv in the r.оluпrr: uпtlеr stitdy is
lrot r]еtеrпriпеrl, i.e. it varies сюпsidсгаLll1, wit}r iп-
сгеаsitrg wогkirrg volurrrc: trp to scales сliагасtt:гiz-
ing the volutne urrrlc:r sturly, tire sttlnclirrd statistical
lr..tlrod оf irrta}ysis оf the lirrge-sc,ale stгuсlttrrе, t}ie
tn,o-pclittt согrе]аtiоtt firnction ({-funt:tion ) ( Рtлс,Ыеs.

1983: Davis & Peebles, 1983; Воегrrег & N"Io, 1990;

Ii1l,pin & Kopylov, 1983; Dalton ct а1., 1992) will
t}ren l,ielcl а result clepencient orr the раrапrеtсrs of
thс salrrple апd t}re wa), of calculation. Fоr instancle,
it has Ьееп noted that the "согrеlаtiоп scale" rб $гоws
lтith increasing volutrre of the saпrple (Einasto et а1.,

1986; Соlепап & Рiеtrопеrо, 1992).
Рiеtгопеrо et al. (1988) and Colernan &

Рiеtгопеrо (1992) rroticed that if the givcn sаrпрIе
does not include thе scales wlrеге the aпiplitLrde of
clustering is small, i.e. the clistribution is lrclпroge-

neorrs (the scatter tlf the nurrrber of gala,xies ilr distant
equa} volurnes is described Ьу the Poissonialr statls-
tics), then t}re рагаmеtеrs of thc {-functiolr cio not
shov; the reai amplitude апd the iirrriting scale of clrts-
tering, and proposed arrother met}iod of calcrrlatiolr
of ihe соrrеlаtiоп firnction of density, tlre so-called
Gamma-functiorr (hеrеаftеr Gапrmа) tir tlre "condi-
tiorial density" (Соlепrап & Рiеtrопеrо, 1992) usecl in
statistical physics for analysis of non-arralytical struc-
turеs with }arge-scaie deTrsity correlations. Рiеtrопеrо
and his со-wоrkеrs (Рiеtrопеrо et al., 1997; Sylos
Lаtэiпi et al,, 1996, 1997; N{опtuоri et al., 1997; Sy-
los Labini et al., 1998) had been using this method
fоr over 10 уеаrs to study the distгibution of аstго-

physicai objects and concluded that fractal structures
аrе extended to scaies 100-150b-lN4pc, and from
indirect data (relation betu,een "radial" density and
distance frоrп ESP surчеу) ечеп to - 1000h-lN{pc
(Рiеtrопеrо et al., 1997).

Tlre рареrs of Рiеtrопеrо апd his colleagues found
а Ьrоаd response. Cosrnological models were рrороsеd
ц,hiclr took ассоuпt of the fractaiity (Baryshg1,, 1981;
Birrys}rev et al., 1994) as an essential раrt of the Uni-
verse pictrtre (interpretation of redshift as а grачi-
tatiorr effect rvhich is deteTTninec] Ьу the global iп-
hопrоgепеity of the Uпiчегsе brrt not bi, the expan-
sion of sp:rce). Controversy- developecl as to the scales
of extension of the fractal struсturе (Davis, 1997;
Рiсtrопеrо et al., 1997). Ncvcrthelcssl аmопg the rе-
sеаrсhеrs of the large-scale structure on}v Pietronero's
grorrp keeps holclirrg "radical" viewpoints of the епоr-
tttous extension (rrp to 1000N{рс:) of tlre frасtа] ]aw
of derrsity variation with distance, ц,hich is desc:ribed
Ьу the sirrgle dimension D (Nfancieltэrot, 1977; Fеdеr,
1988).

T}re fгасtаl rnethods аrе difficult to аррlу to the
study of distribution of galaxies and clusters of galax-
ics because the cxisting sanrples rергеsепt tlre distri-
Ыrtiorr of а finite пumЬеr of points in а finite чоluпtе,
wtrегеаs the frtrc:tal ргореrtiеs iп tеrms of пrathemat-
ics аrе cleterпiinecl a,t tlrt: limit of infinity. Fоr the
"p}rysical" оr "dyпапliсаl" frасtаl а 1аrgе (brrt finite)
intcгr,al of scales tlеtц,ееп tire lоwеr and uрреr limits
of matiifestaticln crf self-siniilarity рrореrtiеs is necc:s-

silrv ( NlcCarilcly, 1997).

Tlre conditiott "volull}tэ limiterl" shoulcl Ье rnet iп
оrdеr tirat all rеgiопs of the sample Ье rерrеsепtеd
ц,ith equtil rights, that is, frоm ечеrу object one could
"see" аIIу otlrer. Fоr sanrples ofgalaxies this corrdition
is геаlizеd w}ren the objects, whose absolute ste}lar
rnagnitude is larger than that of thc: faintest galaxies
at tlre fаr liпrit of the sапrрlе, аrе rejected.

It is importartt to note that tlre ideology of соп-
struction ilf t}re Gаmтпа calls for abandoning а рriогi
:rssunrlltions corrcernilig the рrореrtiеs of tlre distri
Llution clf tlre sarnple objects. Thus fоr tlre method
to Ье used, саrеfu] prelimirrary wоrk is reqrrired оп
tlre сrеаtiоп of а sarrrple of homogeneously selected
otljects witll sharpiy defirred spatial boundaries, The
scales to which the Gапrmа can Ье calculated are rе-
strictecl Ь1,, the rасlius of а maximum sрhеrе with the
сепtrе in the object of t}re sample, which can still fall
п,itliin t}ie boundaries of the sarnple.

Тhе Garnrтra is vaгiatiorr of the mеап density of
ob.jects as the l,oiume under strrdy increases. The
differential and irrtegral Gamma-functions аrе deter-
rliiпеil as follows:

(1)
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' 
d(r; - r) is the numerical density.

i:l
Тhе iпtеgrаl function (Г*) averages the contribu-

тiоц of different scales and therefore, with the pres-
епсе of properties of а monofractal in the distribution,
it smoothes fluctuations and алllоws the dimension of
thе distribution to Ье mеаsurеd with а higher accu-
rасу than the differential function. At the same time
the iпtеgrаi fцпсtiоп is not чеrу sensitive to change of
thе type of distribution. The differential function, in
principle, registers Ьеttеr change of the mode of dis-
Tibution thалr the integral function does, and in this
*епsе it is mоrе infoгmative, but at the same time it
Ь mоrе susceptible to fluctuations.

Iп some cases the form of the Gamma has а sim-

р&е interpretation. Fоr the monofTactal with the single
йmension D ("filling of the чоlumе" оссurs, оп the
il[егаgе, in the same mаппеr on all sca]es for all оЬ-

lects) the relationship between the пumЬеr of objects
iп а sрhеrе and its radius, i{(r) : ВrD, iэ satisfied.
IB the general case D < 3. Fог а homogeneous distri-
bution the пumЬеr of points in the volume is directly
рrороrtiопаI to the volume (' : 3).

The average density iп а sрhеrе of radius -R,
pi*ed in а given frасtалl structure or, fоr instance, in а
шцпiЬrm distгibution is (п) : fr# : ffiа;tЗ-Лl.
At D < 3 the average density (n) is а diminishing
fution of radius Д" and (rr) -+ 0 at .R" J оо is
mtЫеd fоr each point regarded as the сепtrе of the
*рЬеrеоf rаdius rR*. Fоr the homogeneous distribution
liD : 3) the average density is constant and indepen-
&пt of the чоIumе it is measured in.

Ь the case of а "рцrе" monofTactal structure, Г*
l'm'п* сhалrgе according to а роwеr law with the slope
шftЬe stгаight line in the plot 1оg(Г-) * log(r), which
ig rtеfiпеd Ьу the fractal dimension of the set. If the
Йlrctal ргореrtiеs manifest themselves опlу to а сеr-
йiп scale А9 with tгansition to uniformity оп lаrgеr
мЬ, thе relations:

Г(r) : ЗВ,_'"-Оr,r(А9,4т

г(r) : D}х;tЗ-Оl,r ),\g

шtsatbfied. The Gammafunction is represented hеrе
Ьр ffinition in the form Г(r) : 

"Ь+ 
and Л/(r) :

пр 
+тт, ar

ýЪеп analysing the rеаI distribution, it should
tB Ьшпе in mind that even if the points of the inte-
gFпl Gатrurrа fall well on а straight line in the region
d&е of the "conditional density", it does not sug-

ЕЕs tЬt the properties of the mопоfrасtаl аrе present

> ].t.

Figurе 1: )6 ris the rпаll,m,um scale ol еrtепs,iоп, of
соrrеlаt,iапs. R" ,is the li,miti,ng scale of calculati,on of
gаmmа-fil,псtiопs,

in the distгibr_rtion. Analysis of artificial distributions
shows that the роwеr law Gаmmа diminishing with
tlie index *1 is а песеssагу) but not а sufficient condi-
tion f'оr fгасtаIitу of the distгibutiorr with the dimen-
sion D - 3 - 7. NечегthеIеss, the роwеr law сhаr-
асtег of thiэ Gаmmа in the iпtегчаl of scales, whеrе
it is defined wit}r sufficient гeliability, admits а frас-
tal interpгetation. Оthеr attгibutes оf Гractality, for
it"tstance, self-similarity of the stтuсtuгеs, the ргороr-
tion of voids in the volurne, rс:quirе а special stud1, Ьу
sLritable methods.

The рарег сопsidеrеs the relatiorrs betrveerl Iоg(Г)
and 1оg(r),Iоg(Г-) arrd log(r). The апgulа,г coefficierrt
clfthe аррrохiпrаtiоп lirre, rvhich is plotted orr the сhо-
sc:n rеgiоп of the 1og(r) r,ariation. defines the согге-
lation dimenslorr of tlre distribution (co-dimerrsion).
'l'}re gгеа,tеr slope (corTesponding to the smаllеr di-
mcnsion implies, оп tlre а\rеrаgе, а strопgеr dесгеаsе
of density insicle the volume and thеrеfоrе а highег
clustering of objects. Ttre horizontal regions of the
plot poirrt, in the gепсгаI case, to uniformity of dis-
tribution of objects 1п the sample оп соrrеsропdiпg
scaIes.

Eig. 1 slrows the expected Ьеhачiоur of the
Gаrпmа in tгansitiotr frоm fractaI clustering оп scales
less tha.n ip to urrifoгIn distribution оп lаrgеr scales,
T}ie figure illustrates the iпfогmаtiчепеss of using the
Gаlпmа in sеагсhiпg for the scale of сhапgе of the
condition of clListeгing .\9, ргочidеd that fi, is we}l
iаrgеr thа,п .\6.

3. The way of calculation
о The Ьоuпdагiеs of the rеgiоп of the highest

cotnpleteness аге denoted (the zor.e of incomplete-
ness alorlg the гаdiаl axis and the region of strong
iпtеrstеIlаг extinction аrе usua.lly excluded).

r Tlre density of the objects that fall within the
sрhеriса,} 1аl-еr r,9 ( r ( rо t А аrоuпd each object,
that is, the density at а giverr distance frоm the object
of the sanlple fоr thе differerrtial Gаmmа, and the

]
*Ё #'i

(1)
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riensity iTr sрirегеs of raclirrs r0 with tlre сепtrеs irr

tlre obitэcts of tlre sample fоr t}ie iпtеgгаl Gаmпrа аге
calcuiateci (the c:errtres of thc: sphcrcs аrе not irrclilded
in the соuпts, i,c, tlie clr-.nsity of the "neiglrbottrs" is
шеавuгеri). The c:alculatiorrs irгс averagec1. 'Ilrc results
аrе prescllted ort ir logarit}rllric scale irr thc fоrпr of tlrr,l

relations lоg(Г) and lоg(rц), 1оg(Г-) arrcl lo9(16),
в If а part of sоmе sрhсrс falls orrtsiclc the strmJrle

}iпritя rTith increrrsing rvorking rirdirrs rp, t}re sрltсrtl
is i}rец rlxr:irtdecl frопr tlrc саlсulаtiопs. Tlrus, rvitlr
iпсrеаsiпg r,".orking radius. orrlv t}re sphercls п,itir tlrtl
сепtrеs prtlgrcssively пеагilrg to thirt rrf thr: volutrle
cclntairrirrg tlre satn1lle аге involvcd irt the c:;rlclrrlatioris.

T}ie t:irlclrlatiorrs irгe teгrrrirtated п,,trс:п the nrrrrlber of
reinainitrg splrertls is Дr"о < 10.

The rrrethotl оf c:alctllation irnplerrrtlnted ill tlrcl

ргOsепt рiарег differs frоtп the t a.riant rrscd Lly

Itric:trortero and his ccll1c:agtics but in insignifica,rrt rlt,-

taiis (t}rc step of iпсгеzrsiпg tlre workirrg r:rdius, t}re

tlurпЬег of firrite sp}reres irt u,hiс:h the rlai<:rrlatiolls tlг(:)

tеrlпiпаtоd antl t,t 1reгs).

We call tlris Trretlrod of Gа,пrща calculaticlrr "classi-
са1" ils distirrct frош цro<lifications lrsing variorrs kirrds
of il,eigtrting of the regklns оf spheres fallirlg outsiclcl
tlre sanrplc litrrits (Lenrsorr & Sапсlегs, 1991; Arrr]realri
et ai., 1991) artcl оthеr prclcecltrres аllоц,irrg пtоrе ef-

fectir,e utiliza,tiorr of tlrt-, rr,holc voilrrrre tlf tlrc sarriillc.
Тhс clorrierit оf tlic rnethod is t}rat t}re sartrple оЬ-

iectB аге uneqttal iп riglrts sirrcc: ttrc objects locatecl
irt the }lоutrdагiеs fall out гарidlу fгопr thtl caiclula-
tiori as t}re cetrtres of sJlhеrеs. Тlrеrсfоrе tlrc геsult
orr 1агgе scaic:s is stгongly ck:pcnderrt оп tlre distri-
bution of а srrrall rrrtmber of objec:ts rrrlzrr tjte c:errtre

оf the volulrre being studied. Frоrп оur estiпrates tlie
Garnrna rеrпаiпs ilrforrnativc at а rпiпirпuпr nutrttэer,

100-200, (depenciing оп the volume) of ob.iects, lcft
in the sarrrple. А cletailed examination оf tlrc questiorr
i:- 1lгсsепtоtl in Sv|os Labirri et al. (1996).

The рrоЬlеm of cleterпrirring tlre еrrоr of арllгохi-
mation of t}re Gапrrпа slope in tlre regioIr, rчirеrс tlre

роrп,еr Iап, сlесrсаsс of derrsitv is observec1, is difficult
to о\,еrсоmе because there is tto "etalott" of clistri-
birtion ftlr t}re Gаrппrа. as distinc:t fготrr tlre statis-
tics whictr сопrраrе in sоIпе vl,a1, tlic distribution of
а sarnple п,ith uniforll} опе. The dispeгsion of tlre
Gamtna calculatiorrs п,ith геsllесt to tlre rnean cloc:s

rrot, strictly speaking) irrclicate the егrоr of tlte шеап
i"alrte of the Gаmmа since for ап аrЬitrаrу distri}ru-
tiorr, for illstance, fractal, the sрrеасl irгnalucs rrray Ье
паturаl, alrd orrly the rrrean Garnrna чаluеs аге of sig-
rrificance. The "Ьооtstгар" rnetltod (Ling et al., 1986;

}.{о et aI.. 1992) пiау 1l<_lssibly give согrесt estimates
of the егrоrs.

Tire distancc:s fоr all samples of galaxies wtlгtл

taketr Euclidean alrd rп.еrе cleterlrrirred Ьу the HuLl-

Ьlе law R : |ЪlНо, where Ио is t}re radial veiocitv,

trtrd Еб is the Hubble constant. Tiie К-соrrесtiоп ,л,аs

llot takcn intt, accottttt.
W}ren chanpiing t}re reclshift valtres to metric dis-

tances forthc cltrsteгs (Abell and АР\.{), the following
forrnrrla rvas used;

qo*(qo-l)(/TTTqOz-1)
q,j(1+ z)

T}rc values f/o : 100krrr/s/Mpc for the Hrrbble
constartt апti qg : 0.1 fоr tlre c.lcceleration раrаmеtеr
wеrс uscd irr t}ie calcrriation br, this fоrпrulа.

4. Description of samples and results of
calculations

то arralyse the GtrTnma llehaviortr, cliverse data wеrе
c]toscn ц,}riсh represerttecl satnples of irhysically istэ-

latecl strtlс:turеs оГ lrrпrirrorrs mаttег (galaxies. clus-
tc:r,s. srrрсгсlustс:гs), allorving the clrrstcrirtg оп scak:s
frоrrl 50 kpс t<l - 200 \"lpc to Ье estirnated.

4,1. Local Volurne

Tiris is а szrlriple of rrеаrЬу galaxies rb,itlr radiai ve-
locities less than 500 km/s with геsресt to tlre Lo-
carl Gгоrrр c:elrtroici. Гhе oгiginal iist rnacle }rу Кгааrг
Коrtеч,еg artc1 ТаtпIпапп (1979) rrtrnrbcгed 179 оЬ-
jcclts. }'rrrthег it ц,аs substirrrtiallv crrInplemented Ьу
Кrrrас}rепtsеч (the lnost c:omplete coпrpiiatiorr can Ье
foutrcl iti \,Iakirrov's thesis (2000). \1Ъ will emp}rasize
that this is the опlч sarnple witir i:>hotoпretric esti-
nrates of clistances of galaxies. We used а sarTrple of
330 oiljects. Of tliese 330 objects, 193 galaxies irave

рhоtоmеtriс estiinates of distances, fог 47 objects the
distances аrе tzlken frоlп tlreir пrernbership in kпоч"п
gгоtlрs, irnd only for t}re rеst of the objects Hubble
diStanccs (l1o : 70 krn/s/N{pc) u,еrе used.

А srrpergirlac:tic: "<iisk", in which 80 % of galaxies
а,rе corrcentrated, is dorrrinated in the distгibution of
tlre Lоr:аl Vоlumе g:rlaxies. T}ris is а flat structure
tlrat occupies the с:епtrе of the r,оluпrе and Ьесоmеs
mсlrе <lense in the direction toward Virgо, Practically
all kпilwп grоuрs crf galaxies of thе Local Volrrrne (the
Locai Grоuр, N,I81, NGC 5128+NGC5236 (Cerrtau-
гus), NGC 4244+NGC 4736 (Canes Verratici), NI101)
аrtл locatecl in the disk. In the поrthегп direction (in
supeгgalactic coordirrates) thc "Local Void" detected
lly Tlrllv is sitrrirted. It takes аррrохiпrаtеlу half of the
r,оlurпе in questiorr. Frоm Karachentsev's estimates
there агс: no galaxies Ьriglitсlr tiran Мв = -13"' in
i-Lllsolute rnagrritrrde iп this regicin,

The resuits of the Galnma-analysis аrе presented
in tsigs. 2 a,Ird 3. Tlre slope 1 - \.2 iп tlre Local Vоl-
ulrre is likely,to Ье defirred Ьу the distribution gеоmе-

tгч. Тhе exptlcted slopc for а pancake-type stгtrсturе
is 1 - 1. T}re test with the use of rапdоm "miхiпg" of
galaxies in the "clisk" cloes not change essentiaily the

(:R*-
Но

(3)
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4.2. CfA? and SSRS2 catalogues of galaxies

CfA2 (а subsarnplc frсlш the UZC catalogue (Fаlсо
et а1., 1999)). The catalogue of Zwicky with m2*, =
15,5'' fоrпrесl t}re basis fоr t}ie redsliift sur\.ey of the
Cerrter {Ьr Astrophysics. Svstematical mеаsurешеrrts
of reclshifts r,r,егс startcld in 1978. В1, thc: present tiпre,
1,1632 spectrа }tal,e beerl obtainecl ц.itirin the fratrte
of the CfA2 рrrliесt. As to rccls}rifts, tlre survey (96 %
crlrtt1llotrзness rvith ,lll7, : 15.5-) сопrрrisеs 13150
galaxicls ц,itlr lпеаsurосl rас.[iаl velocities, About З0 %
of clata ц,егс takelt lry the ar_tthors frоm tlre ]itегаturс:.
Irr tlrtl regions 20l' < а < 1l' (sorrth). 8Н < tr <
17h (rrorth). -2.5О < 6 < 50О (12925 galaxies) tlre
c;rttrklguc-. c:ornpleteness геас:hеs g8 %.

SSRS2 (Jrriy, 1998, cla Costa et al., 1998). 5369
gtrla,xies to t,lrc арраrепt rrlagnitrrdc 15.5-,, which
соr,еr 1.7 stеrасl clf the soritlrern lremisphere, аrе
pickr:d ttp frопi the list of rronste]lar objects cata-
loguecl iTr HST GSC. Tlre ассtlгасу оf cleterrnination of
tlre pclsiticins iý - 1'l. Tlre еrrог of рhоtошrоtгiс trrag-
nituclcls is 0.3-. Tlre systeпr of rnagrritucles is horno-
gепеоus оl,еr the sky апс1 cclrrespclnds to пragnitrrdes
mеаstlгt-,tl at arr isop}iote le,,.el of - 26-П". Тhе radiarl
rtloc:ities аге accuratcэ to - 40 km/s. Thc suг\.е}- соп1-
ploterress irr redslrifts is 99 % to tlre 15.5"' apparerrt
пitrgnitrtde.

Since SSRS2 is ln ftic:t the extclrrsion of tlre C'f,\2
sur\rc}, to tlte soutlrerrl slt,n,, rvt: trnitec1 in the arralr-sls
the a<ljacc:rit sotrtherlr irrrd поrthсrIt гegiorrs of C'f \2
and SSRS2 tcl olэtairi tlro following sarnples:

liоrth: CfA2 (0'< d < 90o,7h <.r < 18h, Ь11 >
15") + SSIiS2 ( d < 0,, ь11 > 35о),
soirth: CfA2(-2.5' < d < 50О, 20h < а < 4|', t)II <

-15") + SSRS2( *60о < d < -2.5", a,lr < -40').
Ihс: results rif thc Gtrtnпra-analysis of fоur sub,

santplcs fог the поrtltсrrt апd southern sk5, аrе рге-
serrtc:d irr Eigs. 4, 5, б апс1 7. Frоm t}re independeTrt
поrthеrrr а,пс1 sout}rern salrtples опе can see а рrо-
nourrcecl Ьrеаk at 20 30 N,Ipc. The Iагgе extent of
t}re rеgiоп аftеr the Ьrеаk suggests tliat the Ьrеаk is
dlre tcl the distгillrrtiolr рrоirеrtiеs, but rrot the bound-
аrу cffccts. It s}rotr]d Ье noterl that the rеsults of the
Gatrtma in thc rrоrthеrп arid southern pa,rts аrе рrас-
tically c:oirrtlidelrt, t}rough the morplrological distinc-
ticlrrs (tlie рrоsспсе of isolate<l structures) аге different
fоr ail sarrrples.

4.3. АРМ сlustеrs

Tlre catalogue of APNi clusters (Dalton et al., 1992,
1997) is the first srrfficiently lаrgе cataiogue of clus-
ters of galaxies fогrпеd with the aid of ап automated
рrосесlurе of isolation of objects based оп the APN{
c:atal<rgrte of galaxies to Ь; - 20.5- in the southern
sky region: -72.5" < d < *17.5О, 20.5h < а < 5.6fr.

Tlte- "Disk"

-0.5 0 ,0

lоg(r)

of the Local Vоlurп,е

-1.0 0.5

fis:

_1_0 -0.5 0.0 0.5 1.0
log(r)

Пgчrе 3: The Local Vоlumе R5 = 7.15 Мрс,

m}t of the Gamma-analysis. That is, stгictly speak-
fuЕ. thе distribution of galaxies in the Local Yоlumе
lй hrgеlу i:пhоmоgепеоus because of the рrеsепсе of
Й. "Local Voidu, but not fractality. It is likely that
]fuСФе of the Gаmmа towards small scales remains
шticatly up to the size of а large galaxy (- SО kpc)
п]iýg to the dwarf companions of the most massive

,FДýЬ.
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Figurе 4: СfД2+SSRSZ поrth Rhrп: I40 Мрс.
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Figurе 5: С|Д2+SSRS2 поrth Rhm= |60 Мрс.

The riсhпеss of clusters апd the characteristic briglrt-
ness of galaxies wеrе deternrined together in а сirсlе
of radius 0.75 П*' NIpc, which is twice as small as
the one used Ьу Abell, In tlre clpiniorr of t}re autlrors
of the catalogue this has improved considerably its
homogeneity. А total of 957 сlustеrs with estimates
of z 1 0.12 аrе found in this rеgiоп (Dalton et ai.,
1997). Fоr 374 of thern the гedslrifts аrе determirred
spectroscopically, including 55 clusters wit}r mеаsurеd
z > 0.|2. The completeness of measurements of z fоr
riсhеr cltrsters is considerably higher than fоr рооr.
Fоr this rеаsоп, we hаче chosen fоr the analysis the
APNI clusters with the richness R > 54, wlrich соr-
rеsропds approximately to the riсhпеss Л > 0 (or

-0'5 О'0 ouloglr; 
'О 1'5

Figurе 6: С|Д2+SSRS2 sоuth Rh-: I40 Мрс.

-о,5 0.о о u loglr; ,.0 1.5

Figure 7: С!Д2+SSRS2 sou,th Rh-: |60 Мрс,

i/a 2 30) for Abell clusters. In total suсh clusters
пumЬеr 346, Аmопg them 43 have measured z ) 0.12,
and we have not considered them, fоr 217 z 10,|2,
and fоr 86 thеrе аrе available опlу estimated z (Ьу
definition smаllеr than 0.12), The completeness of
mеаsurеmепts of redshifts fоr the subsample frоm the
АРМ catalogue is about 72%.

According to the way of compilation, the clusters
hаче been catalogued with the highmt statistical соm-
pleteness in а certain middle interval of z. А small
пumЬеr of пеалЬу clusters might not Ье included in
the catalogue because of lаrgе angular dimensions,
and а considerable пumЬеr, incTeasing towaлds the far
Ьоuпdаrу of the volume, of distant clusters because

2-о

L
| -'] |l

оо
_3.0

-4,0

ог
a [-,t

ог
a Г,i

1.43Yr

г
l

о

\
о

]

]о
l

]

Y, .- 0.40

]

t
]

о

L
L

о)

-з,0

-з,5



STLJDY оF CLUSTERING оF GлLдхIЕS, CtrUS?ERs AND SUPERCLUSTEftS 45

- 
-- J

4.4. Rich Abell clusteгs in the '6Nогthегп
Сопе"

Iп this sa,mple аrе included all Abell's clusters of
galaxies (Abeil et ai., 19В9) with richness l/д ) 70
(t/д -- 50 - 79 corresponds to the riсhпеss class
Л = 1) which аге located in the region ЬU > 40о,

fоr which z < 0.24 either measured оr estimated ас-
cording to Leir and van den Веrgh (1977). For 247
(77%) out of 321 c]usters thеrе аrе availallle spectro-
scopically measured z, about 33% measurements of z
were made with the б m telescope in the соursе of the

рrоgrаmп}е on studying distribution of riсh clusters in
the "Nоrthеrп Сопе" (Kopylov et al., 1988; Kopylov,
1999). Fоr such riсh clusters (rеmiпd that the clusters
with ДIд > 80 belong to the cjasses of richness R > 2)

at high galactic latitudes (Ь" > 40') the catalogue
of Abell, perhaps, mау not Ье considered as strongly
distorted Ьу the effects of irrcompleteness which could
influence seriously the shape of the Gamma. At the
present time, this sample of ciusters is likely to Ье the
best опе fоr оur рurроsе both in its completeness and
homogeneity and iп coverage of the volume of space.

The subsample of riсh ciusters that we have оЬ-
tained allows one to follow the behaviour of the
Girmma in а.,,еrу wide and рrоЬаЬlу in the most in-
teresting гапgе of scales, 10'.250\,{рс, in which fгоm
theoretical reasotring and frоm the available data an
asyrnptotic transitiorr to t}re hоmоgепеоus distribu-
tion of ob.jects in space must Ье observed. It is ех-
actly this Ьеhачiоuг of the Gаmmа that has Ьееп de-
tected (see Figs.10 and 11). After the region оf роъ,еr
law drор in density with thе slope 1 * 1.5, staгting
from :с 40 Мрс, а transitional interval follows rvith
graclual decrease in slope, and beginning,л,ith the rа-
dius 2 120 N4pc, the distribution of clusters does not
practically differ frоm homogeneous up to а limiting
radius of 250Ntpc.

Тhе use of the sample in ,vl,hich only mеаsurеd z
аrе рrеsепt (incomplete sample) does not change es-

sentially the Gamrna shape and shows that the result
frоm the complete (in the sense of location of objects
in tlre чоlumе) sample is not practically distorted Ьу
the fact that fоr part of the ciusters estimated z have
Ьееп takerr. The inciusion into the sample of clusters
witlr estimated z leads only to reduction of the steep-
rtess of the slope on small scales, that is, "Ьlurriпg"

:|;,l;::".'r* 
of clusters on the scales of superchrsters

4.5. Superclusters of galaxies

Тhе catalogue ofsuperclusters ofEinasto et al. (1997)

which сочегs the region Л < 350 Мрс, |Ь11| ) 17О was

constructed Ьу the method of percolation using Abell
ciusters of richness ,R > 0 both with measured and
estimated redshifts z < 0.1,2. The регсоIаtiоп radius

-- f

1Ipc.

Мрс,

clrrsters
r } 0.\2,
< 0.12,
Jz(by
mess of
frоm the

, сlustегs
bal соm-
А small
luded in
tensions,
Ь the far
because

с0 0.5 1.0, ,,1.5 2.о
logtr)

о

a
г,

г,.

^|1= 1.24

о

о.о 0.5 ,о |og(r),u 2.о

Fцше 9z ДРМ clu,sters with mеаsurеd (217) апd еs-
nhrfud (86) z, N : 303.

Jthe decreasing with distance contrast of the cluster
rd еrrоrs in the determination of the characteristic
*IЬr magnitude of galaxies of the cluster.

Лs сад Ье seen frоm Figs.8 and 9, the Gаmmа
fus а particularly pronounced Ьrеаk at R-32Mpc.
ТЬ slope "1,2 аз 0.3, i.e. we see а correlation of the dis-

*цtiоп оп scales )30Мрс, but the clustering is in-
ЛвпiЬпt hеrе. The interval frоm the point of Ьrеаk
ý to the iimit of calculation of the Gаmmа is consid-
аШq frоm 30Мрс to - 100Мрс. The incomplete-
в of the measured z does not affect the location
d tbe Ьrеаk; it is only the slope of Г* that changes

Fir to the Ьrеаk point.
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Figuге 11: Rich ДЬеll clusters ul,ith пtеаыlrеd (2]7)

апd estimated (7/1) z,,^/ = 321л

is 24 ý{рс, А totai of 220 superclusters wеrе rечеаlеd,

Einasto et aI. (1997) pointed out that superciusters
аrе located at the nodes clf а qrtasiгegrrlar lattice.

As clistinct frопr clusters of galaxies, superclusters
rерrеsепt nonvirialized systerns пuпЬеriпg frоm 2 tcl

36 (fоr tlre richest of all - the Shapley superclus-

tеr) Abeli clusters. The great difference in poptria-

tiotr ancl, therefore, in sizes is due to the рrосеdurе of

construction of the cataiogue. This mау, irr principle,
introduce unpredictable variations in the correlation
properties of the sample since the superclusters соп-

sidered in the calculations as point objects mау ас-

i 0 1,5 lоg(r) 2 0

Figurе 12,. Еiп,ustо slt,perclusters, поrth,.
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tually Ье strongly anisotropic systems, fоr revealing
of rvhich the rnethod of percolation is just tlre most

stritatlle. Nevertheless, the Gаmпrа calculation for t}re

superclusteгs of Einasto et а1. is of interest as an in-

dependent пrethod of control of clustering of mаttеr

on sufficiently large scales (( 150\4рс).

In Figs. 12 and 13 is displayed the Gаmmа са1-

culated for the поrthеrп and southern subsamples of

superclusters. On scales lаrgеr t}ran the percolation

radius, imrrrediately after the appearance of the "sig-
nal", that is when а sufficient пumЬеr of objects fall
within tlre sр}rеrе and spherical iауеrs, the Gаmmа
sho,1vs directly homogeneity of distribution of suреr-
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Tallle 1: Раrпrпеtеrs of чаri,оtl,s samples

(\{рс) (N{pc) ____ tЦщL_
Loсal volrrцte (t/9 : 7111

7.15 _1з.0 198 7.15 1.19
Local "disk" (Ёlо : 70)

2.0 -13.0 146 2,0 1.44

47

180 _20.78 2|2 69 1,41 24

160 -20.52 458 69 1.3.1 20

1.10 -20.23 959 61 1.21 23

120 -19.90 i691 5,2 0.98 19

100 _19.50 2610 "13 0.86 16

C{A2+SSR52, stltltti (1/0 --- 100)

180 -20.78 19.1 6.1 1.53 25

160 -20.52 339 58 1.43 15

140 -20.23 611 52 1.23 17
120 _19.90 1056 4,1 0.97 20

100 -19.50 1517 39 1.01 19

0.36
0..12

0..16

0.4t]

0,11
0.40
0,22
0.19
0.19

APN,l-clustcrs, richntlss R > 5.1 (119 : 1gg;
1)rvith rпеаsrrгеd апс1 cr,trluated ;
339 303 105 1.2.1 32

2) onlv ."vit}r tricasttl,t-,d z
339 2|7 1()5 |.42 :\2

0.31

0.32
Abel1 сlusteгs, гitlrncss Д1.1 > 70 (Цi : 100)

1) п,ith пtеаsttrеti artcl e,nalttir,tctI z
638 з21 2"\6 1.40

2) olrlv wit}r lrrcastrrec1 z

ry40 -0.3>120 -0
246 1.5З х 40 - 0.3

:120 -0

эr,еаliпg
fe most
r Гоr the
s an in-
'паttеr

mа cal-
lples of
colation
hе "sig-
ects fall
Gаmmа
,f suреr-

638 2,t7

Einastcl suilегсlustеrs, rtorth (Ь11

350 98 16.1

Eintrsto superclusters, soutlr (1-1l 
r

350 |22 173

dпКетs in both the sоuthеrп and поrthеrп regions
Ш:вiппЬg with а scale of about 40 Мрс, that is, ар-

цршiшаtеlу frоm the scale on which the Gаmmа of
шlшяtеrs of galaxies shows the first Ьrеаk. The sec-
шd- а less pronounced break (оr а feature on the
щте of the Gаmmа variation) оп а scale of about
Пtrl\tрс mау likely Ье associated with transition to
тцьrеgulаr distribution of the superclusters on а
Мсе чdth а period of about 125Мрс (Einasto et

'd._ 1997). Note that evidence to this scale of cluster-
1цiп the spatial distribution ofrich ciusters wаs also
,*tained in measuring the correlation function of rich
шpact clusters in the "Northern Cone" (Kopylov et
d- 1988).

ý. Discussion of results
L ТаЫе 1 аrе collected the principal results of the
фlуsis. The first fоur columns рrеsепt the basic ра-

> 15") (11rl : 100)
(10)

< 15,) (tlо :100)
(40)

гапrс,tеrs of tlre sanrples of objects. Лlir, is tlre fаг
}lоuпсlаrу of tho sarTrpltl aiorig t}re rаdiа1 coordinate.
.1111- is the Iirrritatiolr cln absolute rrragnitude fоr tlre
".nolutne lirrlitecl" salnplc, w}iich согrеsропсls to filirrr.
Л is t}re rrutrlller of objects in tire sarrrple. Л" is the га-
clirrs clf t}re trraxirnuпr sрhеrе failing inside t}re borrnd-
агiеs of thc sarriple. Irl the last tlrree ccllumns аrе
giverr tlrc раrаmеtеrs of the sirnplest пrodel that wtl

lravc used to ciescribo the Gatrrtna trehaviclur: "роwеr
larv сlrор" clf densit1, (irrdex 71) - break (Дb.eak) -
charige clf the mode of clusterirrg (12)".

Тhс rc:sults of investigatiorr of ail рriпсiраl sапг
ples аге displaryed in Fig, 14 iп clrder to make mоrе
cotrverrient tlreir coпrparisorr with orte another and to
atteпrpt ttl гочеа} сопrmоп laws of ciustering through-
out the investigated rаrrgе of scaies.

Iп Fig. 14 clne сап sce arr approxinrately "сооr-
dinatecl" bre;rk оl,еr c,liffcrent sarrrples includirrg the

0

0
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Figurе |4: Д mаstеr figurе of Gаmmа tu,псti,опs t'оr dilJerent samples. Squares апd circles shош the ЬеhаuiОur

о! the Gаmmа for sаmрlеs oJ the Local Vоlumе апd Su,pergalact,ic Disk, respecti,uely. The crosses of d,i,fferent

fоrm are |clr the поrthеrп part of th,e samples С|Д2+SSRS2, fоr the deylths 100, 130, 160 Мрс. The triаПglеs

аrе !оr дРМ сlustеrs. The ,inuerted triangles аrе fоr дЬеll clusters. The diаmопds designate the Gаmmа fоr
Einasto superclu,ster.s.
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sрhеrеs rvith rt > 30 - 40Мрс (the first аrrоw).
F}оm the galaxies of the поrthеrп part of the sam-
ple CfA2+SSRS2 the extension of the region of the
Gаmmа аftег the break suggests that the Ьrеаk is
most likely caused not Ьу the Ьоuпdаrу effects, but
rather Ьу the properties of distribution. Fоr АРМ
clusters the Gаmmа has а break at ж 30 Мрс, the lim-
iting scale is 105 Мрс. The tendency of behaviour of
this type Gаmmа (break and transition to оthеr mode
of clustering) is terminated Ьу deep samples of riсh
clusters and superclusters, пеаrlу complete "leveling
out" of the Gаmmа (the second and third аrrоws) is
observed. А trend of slope 1 (рriог the Ыеаk) is по-
ticeable очеr all samples, the dynamics and causes of
which still remain to Ье solved. Fогmаllу, the роwеr
lalм ofthe drор of density begins rvith scales - 50kpc,

immediately after the size of а huge galaxy.
We used rаthеr heterogeneous data, even though

the results obtained frоm different samples basically
аgrее with each оthеr in the main features, which al-
lows some general conclusions to Ье drа,qrп concerning
the character of behaviour of the Gаmmа on different
scales.

1. The shape of the correlation Gаmmа function
points to the density variation according to а power

lalм.
2. The роwеr index оп small scales (рriоr the

Ьrеаk) changes within 0.9-1.5. In principle, this соr-
responds to fractal distribution, but the scatter in
slopes for different samples of objects of different na-
turе makes questionable the possibility of describing
а large.scale structure Ьу а single fractal dimension.
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3. Manifestations of fractality have been revealed
on scales spanning nearly 3 оrdеrs of magnitude -frоm 50kpc to 30Мрс,

4. Systematic variations of the Gаmmа раrаше-
tеrs obtained frоm CfA2+SSRS2 galaxies require ad-
ditional investigation, although the tendency to "lev-
ding out" of the Gаmmа at Л ) 20 * 25 Мрс for
Ьrightеr objects is consistent with the results for clus-
:сrs (brighter galaxies concentrate towards the cen-
:rеs of clusters).

5. Оп scales 30-40Мрс, in the cases чrhеrе the
Gаmmа is calculated to scales well lаrgеr than
$\lpc, а break is seen in the Ьеhачiоur of the
ýа'"mз (index ? < 0.5) which implies the change
,t' thе condition and, possibly, а physical mechanism
Bf dustering.

6. F}оm 30 to 100-120 Мрс the clustering is likely
tB оссur? since оп these scales isolated structures
Great Wall, voids, etc.) аrе observed, but it is in-

тiщпifiсапt, for whеп increasing the scales, the density
шrорв slightly. Probably, the contrast (amplitude) of
iшЙomogeneities on these scales is already small.

7. An asymptotic transition to homogeneity
ъ -+ 0 might Ье supposed, mainly frоm the distribu-
tim of riсh clusters and superclusters on scales 40-
iШ}lрс.

-Ъ а whole, the correlation Gamma-function is
qщitе ап interesting and informative way of describing
а hrgе-sсаlе structure. It should Ье noted, hоwечег,
Йцt the influence of selection effects on the shape of
йе Gаmmа is still not clearly studied. А study is rе-
,щпfuвd of model samples vrith expected properties of
fu Gаmmа and рrореrtiеs introduced Ьу rеаl selec-
Пh efiects (fоr instance, the density gradient along
tfuЕ гаdiаl coordinate).

Тhе limitation of scales of calculation Ьу spheres
focated inside the sample boundaries does not solve
П& problems of boundary conditions completely, Ье-

'с]дý the Gаmша becomes dependent on the loca-
mfu. of significant struсturеs inside the sample bound-
lLц- This points to the necessity of careful selection
d sbiects and choice of sаmрlе boundaries. The in-
lщйtепеss of thе sаmрlе mау diminish the statis-
d,fod sipificance of the result of Gаmmа application.
{[hftсr methods should Ье involved to сопfirm the in-
]шdretation.

lirеtTЁheless, it сап Ье argued with assurance that
,ш!г rеsu]ts of application of the Gamma function аrе
fu Ъir аgrееmепt vrith theoretical considerations of
t& bitness of the rапgе of scales with the fractal
lfiцл,цв d coTrelation of density and of gradual decrease
щfгgttrаqt of inhomogeneities with increasing volume
dlb region of the Universe being studied,

д'l-".тlеdgеmепts. The authors ехрrеss thеir
Пшtвае to Yu.V. BaTyshev, V.A. Наgеп-Тhоrп and
!lJ}, Хаrайепtsеч for keen interest thev took iп the vrоrk

CL USTERS AI\ID SUPERCL USTERS
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