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c5a(e*\"^AiA^Aa,[]e=�
�]`+iAbA`+g*�]´�a(£�iA^FgK\"e=bA^A���

À [(hA^"�Õ`(f+Z"[]_=`+� � �¸e*�(`$�7a+£�iA^"gG\"e*bA^Aªèh5`(¿$º
º�^AkA^;¬

1 ó*ôõônö+÷ øKø�ù?ù�ù�ú ûSünýBú ýKþõÿ*øtü���� û����Sû�øtóBû��	� ö�� 
 ø

e*b"�]`(a alm
�F^AhA�(c(e*�¹a+£�f(`+Z§�¸e=�]`$�	[ÐjA^"h5g*eG\"^"_=[]k"^A^��� £Ðb"[(_*£�a+[(e=�æb"[]�«�¸e*�]`$��Ã�Å?Ê z5��l Ã p]o��� ò5Å x��(x=�"q;rtx

z5|5}���sWÍ;x*uVsWy$p wtsW�+��½ jA^Ah;gGe*\"^A_$[]kA^;ª�bAe*f,[�j"` � [Bc,g*g*c+¬
�
eG·�[]b5�	ZAc l ñ&`(Z"`(�&h5e=a(^Ai¶^¶�FZ�� � Ï]Ñ+Ñ ¤A�,à e*Z,¨+`$�	[(bA`(a
^
�FZ�� � Ï(Ñ(Ñ ¤ � Ï]Ñ(Ñ X,¥�¥ �,ñ�\AªäZAe=[]\"^A_=[(kA^A^äjA`$�"¨,`$�	[�Ã�Å?Ê z5�
f(£�\F`�g*`(_K�N[]bA`�gG`(`+�]a(e=�(gG�(a(c5d�ÚMe*eRjAZA`(=Z"[(���¸b"`(e�`(f+e=gK¬
jAe=iAe*bA^"e � `+f���eG�F^AbAe=bAbA`(eäa�`$�FbA`+^"�¸e*bAb"£��ÙjF[]h5e*� � h5`]¬
�]`+ZA£��¶jA`+_*a(`(\AªAe*�&^"g*gG\"eK�F`+a+[(�]´R�	[]b"bA£�e ~3»{¼R� a(hA\"dË¬
i"[]ª{`(jAZAeG�FeG\Fe*bA^Ae�gGj"e*hA�]Z"`(aã�¸`+Ú&bA`,gG�]^è[]bA^"_*`(�(ZA`(jA^"^
^7jA`(\AªAZA^A_$[]kA^A^ � C`

� º�c5bAhAkA^A`+b"[ \F£ � ^AbAh5`(a,gGh5`(=`ä^
�FZAc5=^Ae
gG� []�]^FgG�]^Ah"^��

é�� [�ZF[]f(`+� [�jA`,gGa(ªAÚ&e*bF[�`+jA^"g*[(bA^AdÙ`+g*bA`(a+bA`(�M^5�Fe*^
�¸e*�(`$�	[ÙÃ�Å?Ê z5�¸� `+kAe*bAh"^Ô�]`+iAbA`+g*�]^ÕZ"[]_*\"^AiAbA£�¨ç��[ ¬
*`+aÒ^�º�^Ab"[]\"´(b"£�¨ÕZAe=_*c$\"´ � []�(`(a � `(jA^"g=[]bA^"d�j"[]h5e=�B[
Ã�Å�Ê z5� ^æe*=`Ø�]e$gG�]^AZ"`(a+[(bA^AdM� � £�bAeä`(f+g*c,·M�N[]e=�Ða
�	[(bAbA`(�æZ"[]f+`(�]eäjAZA`+f]\"e$�¸cå^AbA�(e**Z"^AZA`(a,[]bA^Aªå�	[(bAbA£�¨
^A_�a(Z"e=�¸e*b"bA£�¨¶Z,ª5�F`(a�a(bAc5�]Z"^ãjA^"h5g*eG\F[�`+*Z"[(bA^AiAe=bAbA`]¬
*`�Z"[(_=�¸e*ZF[A����ZA`,gG�]e=�A�M[]ªãgt¨+e$��[&^Ab"�]e*=ZA^AZA`+a+[]b"^;ªãjA`
j;\"`+ÚM[ �F^ÐjA^Ah;gGe*\F[Ö¿*hAa+^Aa+[]\"e*b"�]b"[Öa(_=a(e=�&^Aa,[]bA^Ad jA`
`(�(bA`(�Me*bA^Ad¦hÖkAe=bA�]ZAcÙjA^Ah;g*eG\F["���
[]h5e*�åÃ�Å�Ê z5� �¸`]¬
·Me=�×�Fe*\F[]�(´Ø¿*�(`/�]e$�¹·�eã�¸e*�(`$�F`+� � iA�]`è^æÈ�Ê²Ì�Å ��sWÍ
^;\"^<ÂÄÃ�Å¸Æ
ÆM�

¡�ZA`+�¸e3�]`+*` � _G�Fe=g*´R�¸£æ`(jA^"g*£�a+[(e=�<`+g*bA`(a+bA£�e²j"ZA`]¬
kAeG�Fc5ZA£Ôj"[(h5e*� [�^ä^;¨�a+_=[]^F�¸`$�Fe*�"g*�]a(^"e(���
[]h5e*�MZAe=[]\"^;¬
_*`+a+[(båg¶^"g*jA`]\"´+_*`+a+[]b"^Ae=�ÕjAZA^"bAkA^AjA`+aØ=^Af(h5`(�åg*^"gG�(eG¬
�¸£ `(f+Z"[]f+`(�]hA^á�	[(bAbA£�¨ l�� Ì�� ��zN½��"x*Í5sV�AuVxØqAp]wtp��Art� ¬
�Gx�� ��sV���!��}"�Äw�x�# ¥ � �Fe*�"g*�]a(c5d�Ú&e*��b"[ÒZ"[ �F^A`(�(eG\"e$gGh5`(jAe
¯%$�À&$ ��ò � Ñ+Ñ l à e*Z,¨+`$�N[]bA`+a¶^{�	Z�� � Y$�(�+¤A�Nà e=Z,¨+`$�	[(bA`(a �
Y=�+�,� p ¥ �

')(+*-,/.�0�1�.325476)894:6;6;<�=?>:0�1�2-4@,/0�0�AB.�0BC
D 4:.36FE

í � []b5�N[]ZA�]b"`(eåZ"[(_G\"`B·�e*bA^"e7a+[]Z"^"[]kA^"�Õ�(e=�¸jAe=Z"[]�]c5ZA£
b"[�bAe=f(e ∆T (θ, φ) b"[�g*º�e*Z"^AiAe=g*hA^Ae
G[(Z"�¸`(bA^"hA^×_=[(jA^;¬
gG£�a,[]e=�(gtªãgK\FeK�Fc5d�ÚM^"�æ`(f(ZF[]_*`,� ½

∆T (θ, φ) =

∞
∑

`=2

m=
∑̀

m=−`

a`mY`m(θ, φ) ,
l Y$¥

Y`m(θ, φ) =

√

(2` + 1)

4π

(` − m)!

(` + m)!
P m

` (x)eimφ,
l Ï ¥

x = cos θ ,

t�Fe P m
` (x) ì jAZ"^"gG`+eK�F^Ab"e*bAbA£�eèjA`(\"^AbA`,�¸£��
eG·�[]b;¬

�FZ"["�Bñ�\Aª�bAe*j"ZAe*ZA£�a+bA`(��º�c5bAhAkA^"^ ∆T (x, φ) h5`+¿=º
º�^;¬
kA^Ae=bA�]£ÕZ"[]_*\"`B·Me=bA^;ª a`m

a(£�ZF[ ·�[(d��(gtªãh5[(h

a`m =

∫ 1

−1

dx

∫ 2π

0

∆T (x, φ)Y ∗

`m(x, φ)dφ ,
l ¤+¥

t�Fe Y ∗

`m
`+f(`+_*b"[BiAe=�7h5`+�¸j;\"e=h;gGbA`+eØgG`+jAZ,ª;·Me*b"^Ae Y`m

�
ñ�\Aªèa(£�iA^"gG\"e*b"^;ªè^"bA�]e*=Z"[ \	[ l ¤+¥ �¸£ðf(c=�Fe$�Ô^FgGjA`(\"´]¬
_*`+a+[(�]´�hAa+[ �FZ"[]�(c,Z"c � [Bc+g=g*[�ìê�¸e*�(`$� � jAZ"eK�"\"`B·�e*bAb"£��
� [Bc+g=gG`,��e=Ú&e�a Y$ÇAY=X K�K^�Z"[(_*a(^"�]£��
jA`(_G�FbAe=e²¡�ZA^"g*�]`+ºR¬
º�eG\Fe=�¹a Y=Ç,�+� K� À []hæh;[]há^"bA�]e*=Z"[ \ÙjA` x aèc5Z"[]a+bAeG¬
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[�\]�^!_a`cb�d�egfihkjTeglSmonpjqfsr�tiuwv&v�jqxjqfiyzp{;|%lS}a~�~ lS��Wf���lSyq����l��
wj � e�dgl�eSjq~ijI�9tS~izkj�t�z�y}��/fw���t��Tjq�yt	�9tSe��Wfw��lSyT����l5�

xj = cos θj ���)� ei� � monpj"�T~ � xqfwyq�z���li�Wj�rat��/fix � jT~w�qt��T��dg}af��W{Q��e����&����������� � ~��T}a��l �
N = 31 �� I¡ t	�Tt���fwyqj � y}��/fi�¢t�z£�+fw��fiy{�egf¤�/zkjqrali�T�a�y{&�Wj¥�Tjyqj � �9j  
¦ \�\�§�¨I©�ª�«�¬�/]w®S¯g°�±�²�¬i®³]w´aµ�´�¶�\ ¦ ®g¬�·i«¯g±¸ª´kª�´�±\ ¦ ´I¹Bº
x » ¹B¼½¹B´�¾k¬�¹¿\]iª�´g±ÀaÁi´a°a¯g®�ÀÂ]�±q¬�qº"Ã�Äk¬i¬Å«¯�°�¬ ¦ ]w®g°a´§�Æ£«¬�]i]Ç\�q«:^ » _�È�È H ©�`
∫ 1

−1

∆T (x, φ)Y ∗

`m(x, φ)dx =

=

N
∑

j=1

wj∆T (xj , φ)Y ∗

lm(xj , φ) ,
§ G ©

·�q¬
wj É ]i´�µI]w®g°a¬ ¦�¦ ¯g²s°aÁi°a¬iÊ+\°a¯gÃ3Äk¯g²sË£º ¦�Ì�Í \�²Ì °I¯�q«¯�®gº"«�¼�Î�¯�ºa]i]�¯�^iÏqT¬�]wÀ�°�Ái°a¬iÊk\�°a¯�Ã�Äk¯g²3Ë£º ¦�Ì�Í \�²

wj = w(xj ) » ¯³®S¯ Ì ¾p¬
∆T (xj , φ)Y ∗

`m(xj , φ)
°�¼oÐ�\q]�±�²�ÑÃ�®a]�²+°�®g´aÐ Ì ¯SÒ xj » Ì ´�®�´�«�¼o¬�²�°g±�²�Ã3®�]�²k]w¬�® Ì ´�¶ Ì ´a« ¦ ¬�¶ª�´�±\ ¦ ´I¹B´�°pÓ9¬w¾p¯ ¦ q«¯`

PN (xj) = 0 ,
§�Ô�©

·�q¬
N É ¹Z¯ Ì ]i\¹Z¯S±À ¦ ¼o¶9«¯ ¦ ·�«¯a]i]�¹Z¯g®g«�\°a¯g¬�¹B´�·�´oª�´gÑ±\ ¦ ´a¹Z¯�^qÕ�´a«�´�Êk´X\�Ái°a¬�]w® ¦ ´ » Ð�®g´¥º"«¯�° ¦ ¬ ¦ \�¬¢§�Ô�©o\q¹B¬wÑ¬i®
N ¦ º�±¬�¶Ö°Å\ ¦ ®g¬i«�°I¯S±¬ −1 ≤ x ≤ 1

^T×W±²�¹B¬�®g´�T¯Î�¯�ºa]�]i¯gÑ�Ó9¬i¾p¯ ¦ q«¯3°�Ái°a¬iÊk\�°a¯�Ã�Ä+\¬ Ì ´aØ�Ë9Ë£\ Í \�¬ ¦ ®�¼c°º"«¯g° ¦ ¬ ¦ \�\Ö§ G ©�«¯�° ¦ ¼�§�Æ£«�¬�]i]Ç\�q«:^ » _�ÈaÈ H ©w`
wj =

2

1 − x2
j

[P
′

N (xj)]
−2 ,

§ÚÙa©
·�q¬ÛÁ ¦ ¯ Ì ′

´�µ�´aÁ ¦ ¯�Ðq¯g¬i®�ª�«�´a\�Ái°a´� ¦ º"Ã+^³Ü ¦ \Ý¹B´�·�ºI®µ�¼o®�À�°�¼oÐ�\]w±¬ ¦ ¼Þ°I¹B¬�]w®�¬¥] ¦ ¯gµa´�«�´I¹ xj
]¢ª�´a¹B´aÄ+À�Ãª�«�´ Í ¬�TºI«¼ÝßáàIâSã�äáå¤àæF§�Æ£«�¬�]i]Ç\�q«:^ » _�ÈaÈ H » ª¯�«:^ G ^çÔ�©w^èé«¯gª�¬ Í ¬i\�T¯S±À ¦ ¼o¬Ûª�\ Ì ]i¬w±¼ê°�ë£ì:í�î"ï7´a·i«¯ ¦ \�ÑÐ�¬ ¦ ¼ð±\ ¦ \�²¹B\ñª´ Ì ´�´a«aq\ ¦ ¯�®�¯a¹ θ

\
φ » ¯ò\�Ò Í ¬ ¦ Ñ®g«�¼½§óª´ ¦ ¯gª�«¯�°g±¬ ¦ \�Ã θ

©Ç«¯a]wª�´�±´�¾k¬ ¦ ¼�°Å®g´aÐ Ì ¯SÒÂ]
xj = cos θj

^:è&¯ Ì \¹ñ´�µa«¯gÁ�´a¹ » \ ¦ ®g¬�«�°a¯g± −1 ≤ x ≤ 1ª�´ Ì «�¼o°a¯�¬i®�]�² Ì ´g±À Í ¯�¹B\�ª�\ Ì ]i¬w±´a°5§óÐ�\]w±´ Ì ´g±q¬ Í N »
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[�\]�^ H ` ¡ t	�Tt���fwyqjqf�xTfwyz��TtSecr�t	�/fwxÝ�
xj = cosθj �eôd�lgeSjq~ijI�Wt�~izkjõt�zöyqt��+f¤��lÂrat��T�axql5��� � ��eS}���~	�Tf���jqra~�f��Tj"d�lSxjqj  "÷ ��ø3�&�éùûúp�qt�ral�d�lSyÅ~w�t	�Tt�hkyqt��³�Tjyqj�fw� � ���&�����ýüshkz��Tj��qtSeSt��  Qþ jq~w}ayt�r���f��9t�yq~izF�/jS�T}a�fwzs~��T}���lS��ratSÿ���l

N = 31  
]i¹)^%q¬i®S¯S±q\Ö°Å«¯�Á�q¬i±¬¢¨a©w^���·	±´a°�´a¬p«q¯gÁi«¬iÊ+¬ ¦ \�¬ » q´gÑ]w®�\�·w¯g¬�¹B´�¬Çª�«�\¸\�Á�¹B¬�«�¬ ¦ \\¢T¯ ¦�¦ ¼)Ò������ » ´aª�«�¬�T¬w±�²�Ñ¬i®p°�¬�«IÒ ¦ \�¶�ª«�¬�q¬i±Å]iº�¹Z¹B\�«�´�°I¯ ¦ \�²¥°³ºI«q¯g° ¦ ¬ ¦ \�\Ö§�_�© »
` ≤ `max

^	�£®�´�µ�¼ \�Áiµa¬w¾p¯�®gÀÖ´�·i«q¯ ¦ \�Ð¬ ¦ \�¶�
9¯g¶ Ì °�\�Ñ]w®S¯ » ¹B¼¿\]iª�´g±qÀ�Áiºa¬�¹õÐ�\q]�±´ Ì ´�±¬ Í ª\ Ì ]w¬w±q´�° » «¯�° ¦ ´a¬
N ≥ 2`max

^��£®�´�µ�¼ ] q¬i±q¯g®�Àoª�\ Ì ]w¬i±¼ °FØ Ì °a¯g®�´�«�\¯g±ÀgÑ¦ ´I¹ Ì ´g±À Í ¬Ö§�°Sq´�±À Ì ´a´�«aq\ ¦ ¯g®g¼ φ
©kª�«�\�µ�±\�Á�\�®g¬w±qÀgÑ

¦ ´ Ì °I¯�q«¯�® ¦ ¼F¹B\ » Ð\]�±´³ª�\ Ì ]i¬w±´a° Nmax
φ

°pØi®�´a¹ ¦ ¯SÑª�«¯�°g±¬ ¦ \�\Ö°�¼oµa\�«¯g¬�®�]�²
Nmax

φ ≈ 2N
^�£\q]�±´Åª�\ Ì ]i¬wÑ±´a°Wª�´9T«�º"·i\¹ Ì ´�±À Í ¯a¹ » N j

φ » q´�±�¾ ¦ ´+´aª�«�¬�T¬w±�²�®gÀI]�²\�Á)ºa]w±´�°a\�²+´a«�·w¯ ¦ \Á�¯ Í \�\+«¯�Á�¹B¬�«�´�°Çª�\ Ì ]w¬i±´�°Ç«¯�° ¦ ¼)Ñ¹B\Ö«¯gÁ�¹B¬i«¯a¹�Ø Ì °a¯g®�´�«�\¯g±À ¦ ¼)Òô]k®S¯ Ì ´a¶ô®g´aÐ ¦ ´I]w®gÀaÃ »] Ì ¯ Ì ´�¶¸Øi®g´³°a´�Á�¹B´�¾ ¦ ´q^
9¯p«�\]g^Q_£ª�´ Ì ¯gÁ�¯ ¦ ¼ñ°�¬�]w´�°a¼o¬ Ì ´aØ�Ë9Ë£\ Í \¬ ¦ ®g¼ wj\pª�´g±´�¾p¬ ¦ \¬ Í ¬ ¦ ®g«�´a°£ª�\ Ì ]w¬i±´�°3±�²³]�±º"Ð¯g²
N = 31

^

9¯ «\]g^ H ]i«¯g° ¦ \�°I¯gÃ�®a]�²�´I]w´aµ�¬ ¦ ´a]w®�\ ª�\ Ì ]w¬i±\�Á�¯ Í \�Ñ´ ¦¦ ¼)Òc]�ÒI¬�¹ » \]iª�´g±qÀ�Áiºa¬�¹B¼)Ò-°���í���ì&ï	���õ\!ë£ì&í�î"ï§�]�¹)^�«¯gÁwq¬w± G ©�^�
9¯k«�\]g^�¨p]w«q¯g° ¦ \�°a¯�¬i®�]�²¥Ë£´a«¹Z¯+ª\ Ì Ñ]w¬i±´�°Â\ò\�Ò5«¯�]iª�«�¬�T¬w±¬ ¦ \�¬ ¦ ¯Ö]iË£¬i«¬�°ÖØw±�±q\�ª�®g\�Ð¬wÑ] Ì ´a¶�ª�«´�¬ ÌÍ \�\�±�²��Fí��3ì:ï	���¸\ ë£ì&í�î"ïB^

�½§�_�© Ì ´�Ø�Ë9Ë£\ Í \�¬ ¦ ®g¼ a`m
²�°g±�²�Ã3®�]�² Ì ´a¹Bª�±q¬ Ì ]�Ñ¦ ¼F¹B\ » °�®g´Å°�«�¬�¹?² Ì ¯ Ì ∆T É °a¬iÄ+¬�]w®g°a¬ ¦�¦ ¼o¬�^���ª¯SÑ

Ì ¬i®g¬Åë£ì:í�î�ï » ª�´I]w®g«�´a¬ ¦�¦ ´a¹�\]�ÒI´�²Ö\Á¢´�ª�«¬�q¬i±¬ ¦ \�²§�_�© » ¹B¼�\]iª�´g±qÀ�Áiºa¬�¹�]�±q¬�qº"Ã�Äk¬i¬Çª�«�¬wT]w®S¯g°�±¬ ¦ \�¬ ∆T
`

∆T (θ, φ) =

`max
∑

`=2

a`0Y`0(θ, φ)+

+

`max
∑

`=2

∑̀

m=1

(a`mY`m(θ, φ) + al,−mY`,−m(θ, φ)) ,
§��g©

·�q¬
Yl,−m(θ, φ) = (−1)mY ∗

l,m(θ, φ), a`m = (−1)ma∗

l,−m .
§��a©
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∆T (θ, φ) =
1√
2π

`max
∑

`=2

Re(a`,0)P
0
` (cos θ)+

+

√

2

π

`max
∑

`=2

l
∑

m=1

√

2` + 1

2

(` − m)!

(` + m)!
P m

` (cos θ)×

× [Re(a`m) cos(mφ) − Im(a`m) sin(mφ)] , ���+�
 ¢¡E£ P m
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`

\

fm
` (x) =

√

2` + 1

2

(` − m)!

(` + m)!
P m

` (x) , �R¿ ¶ �
 ¢¡E£ x = cos θ

���
θ À ®#� ¦?¤ � «#¬ ´ ¾   � ¦ [�Á ¨ YÂ®?� ¦ Y « �+� ¬

fm
` (x)
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%�±�²JÙ ã�Ú ÖDÕ Ñ ²JÖ Ó ê ±�Ù�² Ú�Ò ±�îJ± ã�Ñ ×	ØDÕ�Õ Ñ	æ Ù5Ø ã Ö ì Ñ	ê�ã�Ú ð Ú�è
Ò�á�Ú Ö ²�× ÑDæ ²JÖ�×	Ø�²�± ô Õ�Ø Ò Ø�± Ñ	ôJã ØDÕ�±�å�±�×>Ø Ú Ö�Ö Ñ å�Õ Ñ ²JÖ Ó�é
ð Ñ ²�Ö�± ô Ø ÚCë)ç ò × Ò ò ÐDÑ	æÃê ±�Ù�² Ú�Ò ±�îØ Û ± Ñ Õ�Õ Ñ	æ ² ä	Úë)Ú ³
W9Ö Ñ	ÐDìûÑ	Û�Ú Õ�±�Ö Ó�ó Ö ç Ö Ñ å�Õ Ñ ²JÖ Ó�é#ë)ì ë)Ñ í ÚCë ±�² ê�ÑDÒ�Ó�è
î Ñ ×	ØDÖ Ójã Ø�î Ò�Ñ í Ú Õ�± Ú ) 3 ( .0567 µ
∆T map(θ, φ) =

∑

p

Sp∆TpWp(θ, φ) =

=
∑

`,m

amap
`m Y`m(θ, φ) ,

) ,/X67

amap
`m =

∫

dΩ∆T map(θ, φ)Y ∗

`m(θ, φ) =

=
∑

p

Sp∆TpW
∗

p (`, m) ,
) ,ZY[7

ô ð Ú
Sp : ê�Ò�Ñ	ÿ Ølð Ó

p
è\ÑDôCÑ|ê ±�Ù�² Ú�Ò Ø�³�\<Ö�± ² ÑDÑ Ö�Õ Ñ	Ô�Ú�è

Õ�± áñÑDÐ	ÑDÐ	ÿ Ø�ò?Ö ç5ã ØD×DÕ Ú Õ�± Ú ) 8'7dé#ç å�±�Ö ì ×	Ø á ²J× ÑDæ ²�Ö�×>Ø
&9ç Õ�Ù Û ±�± Ñ Ù�Õ�Ø�³5ü ä>ÚCë Ø Ü9Ý�Þ<ß5à ±�² ê�Ñ�Ò�Ó î ç	Ú Ö�²J× ÑDæ ²�Ö�×>Ø
±�Õ�Ö ÚJôJã ± ã�Ñ ×>Ø�Õ�± á * Ø ç ²C²JØZ]'^ Ú íXØ�Õ5ð ã Ø9× ê�Ñ�Ò�á�ã Õ Ñ	ë Õ�Ø è
ê�ã ØD× Ò�Ú Õ�±�± é ×�Ö Ñ × ã�Úë�á Ù�Ø�ÙOØDîJ± ë)ç ÖlØ Ò�Ó Õ�Ø áúê ±�Ù�² ÚJÒ ± è
îCØ Û ± á ð Ò�á Ù�Ølí�ð Ñ	ôJÑ Ù Ñ�Ò�Ó	Û Ø ê�Ñ ð Ñ	Ð Õ�ØX² ä	Úë)Ú ö Ü9Ý�÷7÷ é
± ë)ì ê�Ñ�Ò�ç å�Ø ÚCë ) ² ë ) ® 7_7 µ

Wp(`, m) =
wp√

2π∆xp

exp

(

imπ

Np
φ

)

sin
(

πm/Np
φ

)

(

πm/Np
φ

) ×

×
∫ xp+0.5∆xp

xp−0.5∆xp

fm
` (x)dx ,

) ,/567
ô ð Ú

∆xp = (xp+1 − xp−1)/2
²

xp : p
è ìþë ç î Ò�Ñ>ë ê�Ñ* Ø ç ²C² ç ]'^ Ú í�ØDÕ5ð ã�ç	é Ø

Np
φ : å�±�² Ò�Ñ&ê ±�Ù�² ÚJÒ�Ñ ×?×&ØDîJ± ë)ç>èÖlØ Ò�Ó Õ Ñ	ë Õ�Ø ê�ã Ø�× Ò�Ú Õ�±�±A³A\<Ö Ñ Öú±�Õ�Ö ÚJôJã Ø Òýë)Ñ í Ú Ö ÐDì Ö Ó

ê�ÚCã�ÚJê ±�²JØ�Õ Ù�Ø�ÙAµ
∫ xp+0.5∆xp

xp−0.5∆xp

fm
` (x)dx '

'
∞
∑

k=0

1 + (−1)k

(k + 1)!
f (k)m

` (xp)

(

∆xp

2

)k+1

,
) ,9.67

ô ð Ú
f (k)m

` (xp)
Ñ	ÐDÑ îCÕ�ØKå�Ø Ú Ö

k
è ç ò ê�ã�Ñ ±�îJ× Ñ ð�Õ ç òy×

x =
xp
³`( Ñ	ô ðYØ7ð Ò�á

∆xp � 1
ê�ÑDÒ�ç å�Ø Úë^ã Ø�î Ò�Ñ í Ú Õ�± Ú ) ,95'7 µ

W (2)
p (`, m) = W (0)

p (`, m)

(

1 +
f

(2)m
` (∆xp)

2

24fm
`

)

,
)ba[c 7
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umvJw W
(0)
p (`, m) '

' wp√
2π

exp

(

imπ

Np
φ

)

sin
(

πm/Np
φ

)

(

πm/Np
φ

) fm
` (xp) , xby4z/{

| W 0
p (`, m) } w	~9�0�0|2�m�����0� ∆xp �'� �6� } �6���[�����0�0�r�0�2w }4���|

δWp(`, m)

Wp(`, m)
=

W
(2)
p (`, m) − W

(0)
p (`, m)

W
(0)
p (`, m)

'

'
∣

∣

∣

∣

(f ′′)m
` (∆xp)

2

24fm
`

∣

∣

∣

∣

. xby0y0{
� ���0�6�[�0w9�0���0�0|�|������6���2w�v } w����H�/vJ|2��|2�`�0��|�w9�������- �¡£¢ �[�6� } �'���[���0�6����¤��6|�~��6�/vA���[�'�T��¥ } ����|�|¦�0� �

} �§��|��4��w��J�§���0¤'�`vJ�4� 10−3 �-¨ �[�6©0ª«���0�2¥`��|��[�¬�Z�[��¥`®¯w��[�6� } �'���[�¯v2��� Wp(`, m) °�} �6� } w9�0©<±'�/vJ|2�H��|J�Hw��[�

∆xp ≤ 0.15

∣

∣

∣

∣

fm
`

(f ′′)m
`

∣

∣

∣

∣

1

2

∣

∣

∣

∣

∣

x=xp

. xby[²6{
³ ���2�[�2�6~�¥[�T��¤�|2©[�2|4®´w }�} ¥'µ���0��~��¶�Hw�®¯vA¥·��¥ } ����|4� ��H|¹¸�w�®´� } vJ¤2�;|»º�w9�9��w��2�Uv2���¹©6�[�2�6¼�|4± ` x¾½ ¤2� } v �¼��0w�� } |T¿ÀªD®r|�� °Jy0Á0Á6Á6{ fm

` ∝ Jm(`x) ���[�J¥'�J�[w9�DÂ
∆xp ≤ 0.15xp/

√

m(m + 1) , x¾y d {
|¶v2��� ∆xp ∼ π/N �Hª»|J�Hw�w9�¦|�~ x¾y d {
δWp(`, m)

Wp(`, m)
≥ 10−2 ·

(

`max

N

)2

. xby0Ã0{
Ä �[�2¤�|2�Hw�¤ ° v2��� N = 2`max

���0�2¥`�2�[w/�
δWp(`, m)/Wp(`, m) ' 2.3 · 10−3 ° ���[�Å���[��� �w��6�m� ���0�6w�¤�¼¯w }�} � ¤2�[~9¥4� } �0� �0�0� } �'���[�6 v2�2�
`max ∼ ²6Á0Á0ÁZÆ e Á0Á0Á �
ÇDÈ�É�ÊHË�Ì	ÍÊGÌ	ËÎÐÏÎHÍDÑ-Ê-ÎÓÒ�Ô�Õ�ÖD×
Ø �[�`w9�¦�6¤�u�� } |2~��0�'� } |�¤J�[~��6|��6�0w��0�m� } �¦vJ�0¥'±¹¥`¤��6� �
} �4± � Ø w�¤2�0ª	� ° �6©0Ù-w�vJ| } ���Ú�|��Û��¥ } ����|�|¹Ü��0¤��0¤2� } �ÝÀÞ0Þ |àß ° ���/vJ�2¤��0u9¤2�0�t�Hª�|¬��¤��6��w�vA¥'¤2ª � ���[��~��2|¶�Hw�® �vJ¥µ¤2�[~ } ª��H|á��~�ª	�4�6�H| ° ���6���0�0|��â|�~»uã�J�[� } ªD±ä�2¤�� ���w�vJ¥`¤-ÂTåçæ�è£é0êAë[ìîí ° �`�6�[�0¤2�[���0©6¤2�[Ú´�[w9�«~ } �<�2w } |4� a`m�;�4�0¤��[¥ } �¦����w�¤2w0ïðåñë[ìîò´í ° �`�0�[�6¤2�Z���6ª	��|2������w�� a`m����vA� }2} ª����4�[¤2�[ª�ïMåñó�ìîô`ëZìîò´í ° �'�6�[�0¤J�Z�õ�H�/vJw��2|�¤�¥ �w�� a`m � �'�6�9����|��2|�w } �0ªöv2����~9�<v"� }�} �6u�� } �[©6�0¤2� C`

ï
|µí÷ë[ìîò¯ô`ó�ì£í ° �'�6�[�0¤J�Z�»�6ª	��|2������w�� C`

v2��� a`m � Ø ¤�� ���w�vJ¥`¤�ªø�0w9���0|�¤��0�'� } |��Û�`�/vA� ° ¥`��¤2�[�0�2w } |4�¦�2�0¤2�0�Hw9� �¤2�6�H| ° � } �Z�2|�~/� } �öu��<¥6�9���6�0�6���[� x �ù�[�6�ú��|J���2wû|
�[w/����ü��0�J�H�0u9�0¤��6�6� Æ2ý �H|�¤ } �6�6� { �`�0�/����|���|�w } �[�6� a`m|M�/v } �6¤��/v } �'���[�§¤2�0����¤�w�vAw��2w } |4�þ���[~ ° �¬�Z�[��®¯w¯vJ¤�¥ �u�|2w ° �[�<®¯wD�6�4�2�2w } ª¦���2�0�`w�� � ¿t�[©0�6�Z�����0|4±���¤��6��w�vA¥'¤�6� } �0�'� } � } ��vJ¤�¥`u��'�ÿ©0�2�0�`wð���/vJ��¤��6u�¤2�6�t� ° �0ª	��|J����� �Ú¯|4±à��|��4��w��2|�~/�[��|�ä��� ½ �<¥'����¥ Æ ¸�w�® � } vJ¤2¥ v2��� ~/� �vA� }�} �0u9�r¤2�[~9¤�w�¼¯w } |�� ° ��w�¤2w9���2w��Z�r¥`uã�J� } � } w�©0w�� } � ��Hw�¤à���0�0�0�0w��6���[�6¥'�Ú�w9u��´��|��4��w��J�´|¬�6©0¤2�0� } � �

� �[�0¤��6�U¥`¤��0�6w } �M�2�0�'w9�Z�þ���/vJw9¤6®r|��M��¤2�0u�¤J�0�t�Hª °¤�w/�Z�2|�~9¥`Ú�|2w��2¤��0��w�vJ¥`¤�ªÛ��w�¤��6�0u9�ð¥`¤��6� } � � � vJ�0©'�[� ��2w } |�w������4�[~/� }�} �'�H¥ ° |J�Hw��6�m�·w�Ú�w¯��¤��6��w�vJ¥`¤�ª ° �0ª ���|2������Ú¯|�w·� } �Z�2|��0|���w9����|�wà��¥ } ����|2| � ¼´�[©0�2� } ª °u�w } w�¤2|�¤�¥`Ú¯|�w¶�4�[¤2�[ªû��� ����w�¤2|���w9����|2�H|Û��¥ } ����|4� ��H| ° �Z�[��|2�H| ° �4�[� °�} �0��¤�|2�Hw9¤ ° Y20 ° Y21
| Y22 � ³ �Hw ��6�m�»�Z�[�4®´w��2¤��0u9¤2�0�t�Hª ��¤2�0� } w } |4� } �0©0�6¤��0� a`m Æ�`�0�/����|���|�w } �[�0� ° �'� } �0w9¤��[|�¤2�0�6� } |4���4�0¤��[ª � �-���`  �

���0¤J�t�[� �������- À¡ç¢ |T�6©0¤2�0� } � �Ä �·¤�|J� � e vAw9�H� } ���[¤�|2¤�¥0w9�0�m�;�0¤2u�� } |�~/�[��|��M�J�[�`w ��Z� � �-���`  � ü�¤�¥`u��0��¤2w�vJw�����w���~9� } ¥´�[�J|4� } |4� � � ���`  °�6� } �0�'� }�} ¥' } �´©0|2©[�2|��6�[w��`wð��|��4��w��2|�~/�[��|�| ��� } � �H� �®¯w9� �0�4�2��2�[�0� } w9���'�0�2�0�`� ��¤��6��w�vA¥'¤á|ävJw9�2���[�6¥` �Ú�|�±��2¤��0u9¤2�0�t� ��� � } �6� } �[�ð�2¤��0u9¤2�0�t�t�	�6�[�0¤2�0u��¥'¤2�0� �} �
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������� ��!#"%$'&'(*),+.- /.0 1./.+ (2$'- 34!#0./ "5!#1./ /6+7!#8�)59%!:<;>=@?BA
Ø �[�`w9��¤�w9�[�2|�~9�0�6� } �¯���0�0�0�0w��6���[�6|�|¶��|`vJw��0�2�0u9|�w��§��| ����0w9�Hªâ�0©6¤2�[©6�0�[�2| Ý4�DC� �� x � w9¤'±6�/vA� } �0� |TvJ¤ � °GzFE%E0² ï� w�¤'±6�/v"� } �6� °HzFE%E Þ { �.� } ¥9vJ�0�0�2w��0�0�0¤'��w9�·���2w�vJ¥`Ú�|J���¤�| } ��|��2�6�DÂ
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• ü��Z®´vA�[�¯��¤��6u�¤2�6�t�t���H�<®¯w9�ð¤J�[©0�6�Z�[�[�ð�0�9vJw��2� �

} � �0� �2�0�`w��Z� �
• ü��Z®´vA�[�¶��¤��6u�¤2�6�t�t��|2�Hw9w���vJ�6���[¥`�¬�ð�`�6�t� } v �

} �6�����[¤2�0��|�|¯¥`��¤2�[�0����w��6�m��� } w�¼ } |2�H|��J�[¤2�6�Hw��[¤2�6�H| �ü�¤��'�Hw��[�6u�� ° � } � �H�<®¯w9�¯¤J�[©0�6�Z�[�[�¯��vA|2�Z�2�6u��6�0�6�ÿ¤�w �®r|2�Hw	|´�ð¤'�`vJwD���J¥'�J�[w��ð¥`��¤2�0�[�����[�'�m���Z�[�4®´w	���[�4�2�'�
} �6���[¤��6����| �
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} �6� °�y[Á6Á6y0{ |4�2| ��� ß���� Æ �Z�0©[�2|�� ° vA�6���0¥'� } ªD±rv2���¶vJ¤�¥ �u�|�±¶�2�[�`w9�[�0� �

• Ø �[�`w�����¤��6u�¤2�6�t�Ð�H�<®¯w9� �6~9�[|J�H�/vJw��2���[�0�6�6�0�[�
x �6�0�/vJ|2�[�r|·�0ª	�6�/vJ|��[�rvA� }�} ª	w { ��vJ¤�¥`u�|2�H|���¤��6��w�vJ¥ �
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polynomials
FITS

ASCII

HEALPix

signal alm

input

Legendre

al,m

Cl
map

pixel
library

map

al,m

    GLESP

cl_map

alm2cl al,m

l

external
libraries

output

FFTW

Cl,ma

cl2alm

{}|N~����f���7�D���T�%�p�j�#���'�L�5�j���d�>�B���f���

�N�%� |<�#���D���<|d� ���V�%�*���T f f¡£¢¥¤ ��¦§�q�
¨�©«ª�©7¬*T®.¯'°�® ±*²³¯'´.²5µ7¶#· ¸.¸
¹»º ��¼^½V¾�½§¿ÁÀBÂ �^�»| �7½F½V¾ ~Ã�Ä ½F¾��f¡�½§ÅF�fÆ ºfº ¡Ç� º ½F�N��È | �~ ���� N f¡§� |��

• É º ½V�'��È |f|d~ ¼#���f¾L�T� |B�Ê �£{ �T�jËN�4Ì�½V  | ½J¼#���f¾�¡ º � ~VÍ ½F� |fÄ ½ ~ ¼ | �
Åj���#Î�7�T  | ¼^�%� a`m ÏÑÐVÒÔÓTÕ*Ö×fØ �Ù �DÚ ÅeË'�LÌ |fÛ ��  | ½�¼#���f¾T¡ÜÅj�4Æ ~F~ � Û �T�<� | ��ÅF�N�T�.Î�7�T�d N� º �N� Û ËN½V N f� ~ ¾ | ÏÐjÒÝÓTÕ*Ö×#Ø �Þ ��ß �L¢%�4Ì��'½F  | ½ ~ Æ#���7¡�àL�N���F f� ~ ¾ | à ~ �f½n�� f½VÅF� f½ ~ ¼^��ËNá%¼ | ¢�¼#���N¾ ÏâLã äeÕ*Ö×#Ø �y'�DÚ ¼^��Ë Ã �f f�%½£Æ^�7 N�4Ìp½V  | ½4àP�'½jËN½F  | ½ ÏÑâ�ã äeÕ�Öe×#Ø �å ��¹ �'��æR½F  | ½Á¼#���f¾T¡ ÏâLã äeÕ*Ö×#Ø ��N��ç �f½V� � �N�T�V� Û ��  | ½�¼^�T�%�T� |  N��¾T f�T� ~ ½F¾�¼ |è| �Åj�LË'�T¼f¾ |fÄ ½ ~ ¼ | ¢é¼^�T�%�%� |  N�T¾ Û`ê ¼ Û ��¾T�T� | ��ËNáT N¡�½ ~~ �%�T¾ Û ½V¾ ~ ¾ Û Æ^ëDæ | � Û �N��æp½V  | ½F�»¼#�T�f¾�¡ ÏÑâLã äeÕ*Ö×fØ �z#� É � �f½F�F��  | ½@¼#���f¾�¡ º ���F�4�q�� f f¡§�Ç¾�½P� º ½V�'�LÎ¾�Æ^�f f¡§� º �f½j�'½jË��T� Ï�Õ�Öe×fÐVì#íîØ �ï ��¹ ¡���½jËN½F  | ½u� � Ë�� ~ ¾ |  N�p¼^�T�f¾�½ ~ �P�� fÆPËN½F  | Î½F�é�V N� Ä ½V  | � Û  NÆ5¾T� | à ~  N���NÆ%Ì | �V�% f¡ Ï�Õ�Öe×fÐVì#í«Ø �ð ��¹ ¡��N½V�F�T  | ½ ~ ½ Ä ½V  | � | �@¼#���f¾�¡ Ï�Õ*Ö×NÐjì#íîØ �ÊPñ �£ç �P�'ÅV�%¾�� Û ¼^� ~ ¾4�T ^���T�f¾� f¡£¢�òp� � ËN�% f� Û ¼#���f¾
Ï�Õ*Ö×%×fÖ�í«Ø �Ê%Ê �£ç ½V�f½ Û �P�ó¼#���f¾�¡@ô5�F�L���� N f�T� Ûp�u� ¤�õ�õ÷ö^¼^�P���L¢Û*� õ ¦§� Ï�Õ�Öe×T×NÖLíîØ �Ê4Ù �£ø ¾�½V  | ½u¾L� � Ë | ÈN¡ù¾�� Ä ½ Ä  N¡£¢ |N~ ¾T� Ä   | ¼5� Ûp| N�LË'�4Ìp½V  | ½ | ¢� N��¼#���N¾�Æ Ï�Õ*Ö×%×fÖ�í«Ø �ÊPÞ ��{ � ~jº ½ Ä ��¾T¼^���V '� Ä ½V  | � ÛÁºf| ¼ ~ ½VË'�L¢J¼#�T�f¾�¡ Û��� ¤�õÑõúÎ Í �%�N����¾T½ Ï�Õ*Ö×NÐjì#íîØ �

Ê yN�£ç � |N~ ¼ � |   | ����ËNáT f�%ÅV�#àL����¼ ~V| ���LËNá% f�TÅF��V N� Ä ½V  |#Ã<Û*ºf| ¼ ~ ½VËN½ ÏÑâ�ã äeÕ�Öe×#Ø �Ê4å �£ç �f� ~ ¾�½V�fò | � ~ ¾L��¾ |N~ ¾ |fÄ ½ ~ ¼ | �p�� '�LË | ��¼#���#Î¾�¡ ÏÑâLã äeÕ*Ö×fØ �Ê �f�£ç � |N~ ¼6¼5� êFÍ@ÍÁ| È | ½V f¾L�Ç¼^�T�f�N½jË Ã È |N| � Û Æ5¢¼#���f¾ ÏÑâ�ã äeÕ�Öe×#Ø �Ê z^� É Èf½V f¼#���N�T�F�7½V�'� ºN| ¼ ~ ½jË��p¼#�T�f¾�¡ Ï�ûNíýüLíîØ �ÊPï �£ç � ~ ¾T�f�T½F  | ½ | �V� � �N��Ìp½F  | ��¼#�T�f¾ ÏÝäeÓÑþ.ÿFØ �
• É º ½V�'��È |f|  N�L�d¼^� êPÍ@ÍÁ| È | ½F f¾L�T� | a`m

�
Ê �DÚ�|  f¾�½F�@¼^�T�f¾�¡ º �p���� N f¡§� a`m ÏÑÐVÒÔÓTÕ*Ö×fØ �Ù ��ç � |N~ ¼ ~ Æ^���>àL�N���F f� ~ ¾�½V� ÏÑâ�ã äjÖLÒÔÕ@Ø �Þ �DÚ ¼^��Ë Ã �f f�%½ÁÆ^�7 N�4Ìp½V  | ½4àP�'½jËN½F  | ½ ÏÑâ�ã äjÖLÒÔÕ@Ø �y'��¹ ½F¼f¾��%�f f�T½ÁÆ#�7 f�4Ì�½V  | ½LàF�'½VËN½V  | ½ ÏÑâLã äjÖ�ÒÔÕ@Ø �å ��� � � � Û ËN½F  | ½ Í ���F¡ Û � Û%~ ½pÅj�T�N�7�T  | ¼ | ÏÑâLã��äjÖLÒÔÕ@Ø ��N��¹ ¡��N½V�F�T  | ½<�F�L���� f N�T�»�7�P�'¡ | ��Åj�T�N�7�T  | ¼

ÏÑâ�ã äjÖLÒÔÕ@Ø �z#�£{ � ~jÄ ½F¾ ~jº ½F¼f¾��N�*�7�%æR f� ~ ¾ | C` ÏÑÖLÒÝÕpÓ^â^Ò Ø �ï �£{ � ~jÄ ½F¾ Í ���ÁÅj���N�7�%  | ¼ ÏÑÖ�ÒÔÕpÓ^â^Ò Ø �ð ��¹ ¡ � �T�f¼#� Åj�T�N�7�T  | ¼ ~ �F�4�q�� f f�%� Í ���V�%�
ÏÑÖ�ÒÔÕpÓ^â^Ò Ø �ÊPñ �§Ú �N� Û  f½V  | ½>� Û Æ5¢J N� � �T�f� Û ¼^� êPÍ@ÍÁ| È | ½F f¾�� Û
a`m ÏÐ����eÐ��%ÖLÒÔÕ@Ø �Ê%Ê �£¹ ¡ ÄN|N~ ËN½F  | ½ a`m

�NË Ã»º �N� | � Û �P�' f¡£¢ ¼#���f¾º �*� � ½ | � ¼^�T�P� |  '��¾L�T� ÏâTÖ�ÒÔÕÁØ �
• É º ½V�'��È |f|d~ � ~Vº ½V¼f¾T�f�%�Ç�7�Tæp f� ~ ¾ | C`

�
Ê ��¹ ¡ ÄN|N~ ËN½F  | ½ ~jº ½F¼f¾��N� �7�Tòp f� ~ ¾ | C`ÏÑÖ�ÒÔÕpÓ^â^Ò Ø �Ù �
	 �P�'½jË | �f� Û ��  | ½�¼#���N¾�¡ �'Ë Ã �P�4���T f f�TÅF� C`ÏÑÐVÒÔÓTÕ*Ö×fØ �
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$&%('*),+*-/./%103254/-�)768%19(:;:<-/=/-/)>4/?5%10
a`m

'�+�@
A 2�'�254/4�%1BC% C` DFECGFHJI�KLHJI�MON;P #
• QSR )C.*25=/-/-UT<:;2 A 2VW-XB,21.�VW%14/-�6 φ`m

-Y21V R +�-�Z?5[>'�2VW- |a`m| \]#
^�_
`�-�Ta+�)>4/-/)�:;2 A φ`m DFI5MONcb8d8M P #e/#
^�_
`�-�Ta+�)>4/-/)�2V R +�-/?5[>' |a`m| DFI5MONcb8d8M P #"�#
$&%('*),+*-/./%103254/-�)
a`m R %f:;2 A 21V DFECGFHCgI�KLHJI�MON;P #� #
^�_
h%1. B,21.�VW%14/-�6 T '�214/4/%1i :;2 A %i

DFI5MONcb8d8M P #j/#�kl%1h2105+�)>4/-/) A 2�'�254/4�%1i&:;2 A _m68%�0TC)>VnB,25.�ZVW%14/-�682V D�d�o p,I5MON<P #
qsrutvrWw�x1y{z*|�y�}�~Y�{�{z*�5�W�/�<�S}
� )Ci�`�21T�./)(2�+�- A %103254/_�Ta+�),'*[8�7�l-�) R ./%1=�)a'*[8./_;�/%./B,2�Z4/- A %103254/_
)W6�256;%?C'�),+��4/_
) R ./%BC.�2V!VW_;�C.�21h1%1?�21�7�l-�)0Y`�21TC?5%1?14/%�� R ./%TC?5.�214�T,?50)C4/4�%1i�-/+�- R -/6�T,)C+��14/%i�%h5Z+*2T,?5- \

I�MON�b3d�M 01_
`/-�T,+/@/)C?�T R )>6/?5./_�-�:;2 A _ R % a`m
�68%19(:;:<-/=/-/)>4/?�21V�#

E���HJE��I�MON T,.�21014/-�025)>?l.�2 A +�-�`/4/_
);4�21h1%1.�_ a`m
#

E,N�I�� 63%4/01)>./?5-/.�[1)C?<6�25.�?5_�- A��7���7�v����� :<%.�V!2�Z?�2�0�  �v��¡8� #
E,M¢b1N�I�� %h1.�21�c21)C?U6821./?5[�0

a`m
�868%19>:;:<-�=/-/)C4�?5_-

a`m
�368%19(:;:<-/=/-/)>4/?5_£0¤6�21./?5[1��VW%('*),+�-�./[1)>?�6�25.�?5[

R % A 2�'�254�4/%VW[ C`
�8T R )C6/?5.�[1#

E,G�H�I5K¥HJI5MON TC% A '�25)>? a`m
�368%19(:;:<-/=/-/)>4/?5_ R %�:;2�ZA 2V��/21V R +*-/?5[>'�21V¦-�§�-�+�- C`
��T R )>6/?5./[#

d1I5MON 01_
`/-�T,+/@/)C? R )C.�01[8�n-c01?5%./[8� R ./%1- A 01%('*4�_
)6�25./? R % a`m
�368%9>:;:<-/=/-�)C4/?�21V�#

d�o p,I5MON R ./%1- A 01%('*-�?n25.�-�:;VW)C?5-�`/)>TC6/-/)�'*)Ci�TC?501-/@4�2�'Y4�21h1%.�21VW-
a`m

#
d�o pJN�I�� R ./%1- A 01%('�-/?�25.�-�:;VW)C?5-�`/)>TC6/-/)X'*)Ci�TC?501-/@4�2�'X6821./?�21VW-s�32;?�256�¨�)�'*)C+*25)>?�68%1%1.'*-�4�25?54�_
) R ./)C%h5Z.�2 A %103254/-/@s#
pJbF©{ª TC?5./%1-�?c=/0)C?54�_
)S- A %1h.�2�¨�)C4/-�@«6�21./?l0�:<%1.�ZV!25?1)l �¬��#
pJb1N�I�� R .�)C%1h.�2 A [1)>?m6�25./?1[�  �s��¡�� 0®:<%1.�V!21?

�����7�s���¢� #
©�K°¯aK¥±²p R ./)>%1h.�2 A [1)C?f:<%1.�V!21? A 2 R -�TC- a`m

�68%19(:;:<-/=/-/)>4/?5%10�- A {¬�³ ¡ 0´µ#
pJK¥±²©�K°¯ R ./)>%1h.�2 A [1)C?f:<%1.�V!21? A 2 R -�TC- a`m

�68%19(:;:<-/=/-/)>4/?5%10�- A ¶0�{¬�³ ¡ #
N´IJ�/EC·�K %1h./) A 25)>?¸21V R +�-/?5[>'*_¹-º01_
./) A 21)C?X68%%1.�Z'*-/4*25?5_»4�2
6�25.�?5)�  �s��¡�� �¼T,?1./%1-/?
%('�4/%VW)>./4/_
)W-�'*01[3ZVW)C.�4/_
)¤T,)C`�)C4/-�@½'�+/@�VW%('�),+�-/.�%10214/-�@m4*25h5+*�µ'*)C4/-�i4�2´¾À¿!Áv¿SÂ�Z¥ÃÄ1Ä�'*+/@&-�TCT,+�)a'*%0214/-�@Y¾�Å DÇÆ 25.�-/i�T,6�-/is�e5ÄÄ/] P #
N´IJ�1��I�K T,% A '�25)>?«T,?�254�'�25./4�_
)l%1h.�2 A =/_È6�25./?¼��`/-�Z?�25)>? ��¡�É ¬²¬¥Z°'�214/4/_
)�'�+/@ R %3T,?5./%)C4/-/@Ê6�25./?¼�«`�-/?�2�Z)C? R %1+�%¼¨c)>4/-�@Ë?1%1`/)>`/4/_�ÌÍ-�TC?5%1`�4/-/68%10Î- A£�S¡*É ¬²¬¥Z:;25i/+�%10*�ST,%('�)C.3¨�21�l-�Ì�01_
01%('Ïh32 A _Ð'�254/4�_�Ì Éµ� ³ ¡

D ^µ)>.Ì3%('�254�%10l-X'*.s#u�s](Ñ1Ñ3Ò�Ó P #

�*¯CHL� R .�%1- A 01%('*-/?;:;2 A %10_
i�214�2�+*- A -�.�2 A '*),+*)C4/-/)68%V R %4/)C4�? R %µ'*01[�VU4�21h1%1.*21V a`m D Â;21T,)C+��TC6/-/i<-�'*.s#u�e5ÄÄ1"Ô P #
qsr�Õ�rWÖ»z*�{�<��×YØ���y{y�}´Ù
kc254�4/_
)»  �v��¡8� R ./)a'ÚT,?�2501+�)C4/_Í0¤'*0[Ìm:<%.�V!25?�25ÌÚ�% R -�T,_
0325�7�c-�Ì a`m

�368%9>:;:<-/=/-�)C4/?5_m-U6�21./?5_;#kc254/4�_
)ÛT
a`m

�368%19(:;:<-/=/-/)>4/?�21VW-nTC%('*)C.3¨´25?»-/4�Z'*)>68T1�
% R -*T,_
021�7�c-/iÜ4�%VW)C.*2 `
-

m
��VW%('���T,%%1?50)C?�ZT,?101)C4�4/%��/0�?1%V¦¨c)�:<%.�V!25?1)1�/`/?1%«- �����S�s����� �*-&0),Z�l)(T,?50)C4/4�[3�Ê-�VW4/-�VW[8�Î`�21TC?5-

a`m
#�Ý�?5-�?1./- R 21.�2�ZVW)C?1.�2<% R -*TC254�_ R % R .�250-�+*21V A 2 R -�TC)Ci´T
?5./)(V{@ R %5+/@�ZVW-«6�256�Þ �uß Ô5à�ác³{Ô5Ó/âuã�'�+�@XvZL:<%1.*V!25?�2 D ^µ)C.3Ì3%('�254/%0S-ä %14�%14/%0���e5Ä1Ä3e P #kc254/4�_
)U6�21./?�% R -�TC_
025�S?1T�@n?1./)>V{@ R %5+�@�VW-¦6�216Þ ��ß Ô5à�á¦³{Ô5Ó/âuãÛ0¦s��:<%1.�V!21?5)1�µT,%('*)>.3¨�25�c-�VW-å01)>6/?5%.

R %1+�%¼¨c)>4/-/i xi = cos θ
�/0)C6/?5%. A 4�2¼`/)>4/-/iY`/-�T,+*2 R -/6/ZT,)C+�%10Y0Y6�2�¨�'*%3Vm68%5+*�1=/)

Nφi

��2¸?�216�¨c)«V!2TCT,-�0U?1)>V{Z
R )>.�25?5[8.º0&6�2�¨�'*%3V R -�68TC),+�)� A 2 R -�TC_
025)(VW_
i�%? � ),Z01)>./4/%BC% R %5+���TC2�#
æ�ç<è�évêÚëWì7í7î�ï�ðWñ7ì7é ì ëWî�òSñ7î�êÚëWó ô�îÀõ;ð
öå÷lø�ùµú

Áµ./-»?5)>TC?¼2 R % A 01%1+/@/�7?X4�21V R ./%10)C./-/?1�X68%('�# Æ )C./0_
i- A 4/-�Ì A 256�+*�7`�21)C?1T�@û0Ü.�2TCT>VW%1?5./)>4/-/-¹254�25+�-/?5-�`/),ZT,6�-�ÌX6�25./?

Y2,0 =

√

5

16π
(3x2 − 1) ,

Y2,1 = −
√

15

8π
x
√

1 − x2 cosφ,

Y2,−1 = −
√

15

8π
x
√

1 − x2 sin φ ,

Y2,2 =

√

15

32π
(1 − x2) cos(2φ),

Y2,−2 = −
√

15

32π
(1 − x2) sin(2φ) ,

R %¸63%?5%1.�_�Vü01_
`/-�T,+/@/�7?T�@Û01),+*-/`/-/4/_Ï63%9>:;:<-/=�-/)C4�Z?5%0
a`m
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a`m
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∆T (x, φ) = Y`m(x, φ)
'�+/@ A 2¼'�214/4/_�Ì alm
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E�F�G*H*F�I�JLKNM�F
O8P�QRF+STH*FUF�V*W%H*X*JLKNY�Y�W5O8W�H*X*W
Q�H�P�Z�FL[
\ P a`m = 1

X]Y�F�I%I1J�PLH�F�YL^0W�H*X*W
Q_W%`�F�a*F�I1^�WbF�Z \ PLc7W1[
H*X#d�e!fgJLF�JhJLW%I�Jha*F�M�P�i%PL^(j*G*JLF0j0X0I1a*F�^�K�i%kLdlI1F�F�JLH*F�m�W1[
H*X*Won>p�p
q5j8QRrsQRF+S7W
QtY�F�I�a \ F�X�i�Y�W
I1JLXlY�Y�W1O0W�H*H�r�W a`mINJLF�G*H*F�I�JLK�u ∼ 10−7 j�F�` \ P�H*X*G*W%H*H*F�vwJLF�^�K�M�F$JLF�G�H*FL[
I1J�K�uxa \ W5O9I1J�PLY�^�W�H*X*dha#^0P�Y�PLuyc�W%`�F�G*X0I5^0P�e�z�^�d{I1F�F�J�[
H*F�m�W�H�X#dwn|p
}�qgJLF�G*H*F�I1JLKTI1F�I1J�PLY�^*d*W�J ∼ 10−5 e

~�X�I�eh���w���*�L���8�1�0�0���U�+�#�����1�U�������#�8�>�9�1���0���s�8���
� ���U�
���y���y�(��� �¡���¢�9�����¤£�¥A¦�§©¨«ª¬���N�¢�*����0�L®¯�¬�
° �(�g±*�¯¨²�����#�8�>�#³9�1�N�´³hµ+�)¶7���N�¢�*����0�L®�¥#·7�¸�8�0�*���1�N���
��� � �%�>�8�+�b���8�0µ¸�8�#¶��0�U�>�8¹����N��º%�0�0� � �������$¨ ∼ 6 × 107 ®+»
�o�¸�9�>¼y³½�����#�8�>�9�1����³w���9�
�0�´�8��0�+�0���8¹����h�#�8�>�8¾{�0�U���
�*����0�8¥

¿.P \ X0ILe?�hI \ P�Y�H*W%H*rÀJLF�G�H*F�I�JLK{Y�r�G*X�I1^�W�H*X*d C`
I

X�I�a*FL^�K�i�F�Y�PLH�X*W%QÁa�P�M�W�JLF�YNÂ'ÃÅÄ'Æ(Ç�ÈBÉoXËÊÌÆ�Ã�Í�ÇÅÎ�e
¿ÌW�F�Z+Ï�F
O0X�QRFÐF�J�QRW%JLX*JLK0j�G*J�F�j�YÑF�J
^�X�G*X*WÒF�J

M�F
O8PÓÂÔÃÅÄyÆ�Ç�ÈBÉ!jÕQRW%JLF
O0X*M#PÖÊÌÆ(ÃgÍ�Ç H*W×J \ W�Z�k�W�J
X*JLW \ PLV�X*F�H*H�F�`�FØa*F
O�Ï�F
O8PÙa \ XÑY�r�G*X�I1^�W�H�X*X

a`m ÚM�F�Û
Ü.ÜÌX*V*X*W%H*JLF�Y0j?XÝa*F�Û�JLF�QRk½i�H0P+G*X*JLW�^�K�H*FwZ�rÔI�J \ W%W�e
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